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SYNOPSIS 


Local inverse theorems in the approximation by linear 
operators have been of considerable interest during the 
past decade* The initial problems considered in this 
connection concerned approximation by sequences of linear 
positive operators.. Subsequently, their linear combinations, 
which could provide a faster degree of approximation, were 
taken up. Local inverse theorems for several sequences of 
linear positive operators and their linear combination: 
have been obtained during this period. The orders of 
approximation studied in these local inverse theorems have 

— (Y 

been n , a a positive number. 


A representative inverse result which has been shown 
to be valid for several sequences of linear positive operators 


is: 11 L n (f;t' - f ( t) 


L p [a,b] 


= 0(n"" a/ ^) implies that 


<^2 (£h,p, [a^,bj ) = 0(h a ) , where a < a^ < < b. A similar 

result for linear combinations L (.,k,t) of the operators 


L defined by 
n 2 


L n (.,k,t) 


k k 
E n 


d. 


. _ . _ d ,-d. L d.n ( ' ,t:)/ 

J=0 1=0 j 1 J 

i/j 


shown to be valid for several sequences {L^} 

positive operators is: l 1 L ( f ,k, t* —f ( t) | I ^ r 

p‘- 

implies that W 2k-f2 [ a i '^-jj ^ = ^ ■» 


of linear 


a,b] 

where 


= 0(n 


-a/2. 


a < < b^ < b. 



It may also be noted that the classical Bernstein inverse 
theorems too concern with the order 0(n a ') of approximation 
by trigonometric polynomials of best approximation/ for 
instance. 

The present thesis considers local L^- inverse theorems 
for linear combinations of linear positive operators of a 
much more general order ^ where the order function <P 

is subject only to the following constraints? is a positive 
function on (o 7 c] , for some c > 0, such that j 

sup wrarx £ K (h) , 

t s (0/c] 9 

where K^Ch) is a positive function defined for h s (0,1) . 

2. sup K<n(h> < for all 6 e (0,1) 
h>6 

and 

3. h r K^(h) -> 0_ as h •+ 0, for an appropriate positive 

integer r. Let denote the collection of functions $ 

satisfying the above properties - 

The function <P(tl = t a (a > 0), which corresponds to 

— <x 

the order n (= <P(n )) belongs to <P , for any integer 

r > dm 

Some non-trivial examples of cp s are as follows; 

1. For all t ” (0,c] / 

<P( t) = t a (log P (|)) q s 

where p is a positive integer, q>0, 0<a<r, c>0 with 



iii 


log-P 1/c > 0 and log^ t denotes the function 
log (log.. .(log t) ) (p times). 

2. For all t s (0 / cJ t 


<P( t} 



s § . 

r * 


where p is a positive integer and q>0, 0<a<r and 
c > 0 such that log-^ — > 0. 

3. Let a < b be extended real numbers and r > k s I 

and f e L^[a,b] (1 < p < «>) be a function which is not a 
polynomial of degree < k— 1 . Then 


^(t) = “ k (f,t,p,[a,b]) e , 

where t e (0,,c] , c < . 

The representative 0(tp) -inverse result which, in this 
thesis/ has been shown to be valid for several sequences of 
linear combinations of linear positive operators reads: 

Let <p & 3?2k-'-2* Then 

||L n (f/k/t) - f(t)|l L r i = 0(cp(n" 1/2 )) 

implies that 

W 2'k+2 ^ f/ t/P/ £ a l / b l] ^ =0 (<P(t))/ 
where a < a^ < b^ < b. 

The sequences and classes of operators which have been 
considered in the thesis are: 



iv 


(a) the operators of Sikkema and Rathore defined for 

f e (—oo^oo | by 

1 03 

U n (f;x ^' = aTnT S 

~ J ' ^ r —CO 

where 

CO 

a(n) = S 3 n (t>dt 

—oo 

and 3 5 L^C** 00 / 00 ) is a bell-shaped function satisfying: 

3 ( 0 * = 1 , 3 infinitely differentiable in a neighbourhood 
of origin, 3" ( 0) / C and sup { 3(t) : I t| > <5 } < 1 for 
every 5 > 0 . 

(b) The Bernstein-Kantorovitch polynomials P n defined for 
f 8 L p [0/1] by j 

k +1 

n v , n +1 

P (fjx) = S ( v ) x ( 1 — x) n (n+1) / f(t)dt. 

k=° K k 

n +1 

(c) The generalized Muller's operators defined for 

f e l ( o / °°) as . . 

P 

a-1 03 rt \ 

T^(f/*x) = S u~ a Gf ( x/u) f(u)du, 

where 

— 00 _ - 
a(X) = / u a ” 2 Cj ( u) / 

O _ - 

a, is a real number/ G is a measurable function differentiable 
in a neighbourhood of the point suo CG(u) : | u-1 1 >6$<G(1 ) 

for all § > 0 and (u a +u'* 3 ) G(u) being bounded on (o /<») 
for some a,b > 0,1 



(d) The regular exponential type operators S n defined for 
f S Lj [a j Bj (A,B distinct extended real numbers) by 

ir 

B 

S ( f ; t) = / W(n / t / u) f(u)du y 
n A 


where the kernel W(n,t,u) satisfies? 


(i> 

( ii) 


B 

S W(n , t,u' du - 1 
A 

B 

Bor u e (a / b) / S W(n / t / u.'dfc= a(n> 

A 


1 (n -» oo) / 


a(n) being a rational function of n, 

(iii> || = (u— t ) Wf u/t e (A / B) 

so that 

d k B 

— -=r S (fjt) = S — , W(n,t,u) f (u) du 
dt k n A 3 t k 

and 

(ivj t m p(t) W(n y t,u) -* 0 as t •+ A,B 


for all sufficiently large values of ry and 


( e) the generalized Jackscn operators 

( t-u) 


(f,*x'‘ = 


n,p' ' " A ' _ ' . t— u 

n,p -7i sm 


with 


7T sin n 
I (- 

-71 

n sin ~ 2 p 

A = / ( — : — 7 ,,) dt/ 

n,p _ n sin t/2 


2 p 

) f ( t) dt 


where p is a positive integer* 

Apart from considering the linear combinations of the above 
operators we have also considered interpolatory modifications 



vi 


P and S 

n,m n,m 

defined by 


of the operators P n and S n / respectively. 


n,m 


n 

m 

E 

E 

o 

!! 

j=0 

V +1 

n+1 

j-1 

; 

( n 

V 

n+1 

i-Q 


n 


. - p ( t) x 

j i 


n 


1 / 2 ' 


n 


■ 1 / 2 : 


j-1 


J 1/2 

where n (t-u-i/n / ') for j = 0 is interpreted as 1, 
i=0 

f(u) is regarded as zero when u > 1 and 


P (t) = ( n ) t v (l-t) n ~ V 

nv v 


and 


B 


S (fjt) 

= S 

n,m 9 

A 

m n j/2 
x { E rr 

' j=C 3 1 

j-1 

( n 

i=0 

m and W(n, 

t,ui 


1 4- 1 U - 1 1 


m +2 

o 


n 


3 

n 


n 


In addition to obtaining 0( cp) -inverse theorems for the 
above operators, we have also introduced and obtained o(<p)- 
inverse theorems. A o(<P) -inverse, result for linear combinations 


L (*,k, t) reads as: 


Let e § 


2k+2- 


fhen 


■ 1 / 2 , 


|L n (f,k,tl - f(t)ll L o(<P(n / )) 


implies thai 



U 2k+2 P' I- a i / ^i] ) = o(<P(hU, 


where a < < b^ < b. 

This has been proved to be valid for linear combinations and 
interpolate ry modifications defined above* 

The main ingradients of the proofs of earlier known 
inverse theorems have been Bernstein type inequalities and 
moments of the operators/ a lemma of Berens and Lorentz and 
Peetre's K— functionals or .Steklov type means. For 
obtaining (p-inverse theorems in the thesis, two generali- 
sations of the Berens-Lorentz lemma and two generalisations 
of the result : 

G>k+l [a,b]) = 0(t a ) 

implies that 

co-^Cf ,t,p, [a,b] ) =0(t CC }, 

whenever a < k, have been obtained and are found to be 
crucial. The technique developed for (p— inverse theorems 
seems to be of a general applicability also with respect 
to sup-norm and several more sequences of linear positive 
operators. 

The thesis is devided into six chapters. Chapter 0 is 
introductory in nature and contains some basic definitions, 
notations and a brief survey of the chapterwisc contents 
of the thesis. In Chapter I we obtain (p-inverse theorems 
for the linear combinations U (./k/t) . 


In Chapter II 



viii 


cp— inverse theorems for linear combinations P^C.^lC/t) and 
interpolator^ modifications P n have been obtained# 

Chapter III is a study of <P~inverse theorems of linear 
combinations of generalised Muller 7 s operators T^. In 
Chapter IV cp-inverse theorems for linear combinations 
S ( . ,k, ti and interpolate ry modifications of 

regular exponential type operators have been obtained. 
Finally, in Chapter V, <P -inverse theorems have been obtained 
for linear combinations L (.,k,t) of the generalised 


Jackson operators. 



CHAPTER 0 


INTRODUCTION AND CONTENTS 
OF THE THESIS 


0.1 Introduction. 


Ditzian and May [22] proved the following theorem s 

Let 0 < a < a x < < b < 1, f s l [0,1] and ! |P f-f H £ r bl 

-a/2 _L 1 P L 7 J 

<_ K n ' for scrae 0 < a < 2, then, for all h < ^ min (b-b^,a^-a) , 

2 oc 

w 2 ( f ,h,p, [a^ ,b^] '» = sup !IA fllr r, b < Mh , where 

|T!<h ” pLT' lJ 


n n h n-k (k+l)/n+l 

P (f,t. > = E ( v ) t v (1-t) (n+1 « / f(u) du, 

k=0 k/n+1 


is the nth Bernstein-Kantorovitch polynomial of f. Sinha [6l] / 
subsequently, generalised this result to the linear combinations 


d 


P n (f,k,t* = S 


n 


J- 


j =0 i=0 d j" d i d j n 

i/j 


(f;t) 


of the Bernstein-Kantorovitch polynomials as follows % Let 
0<a<a 1 <b 1 <b<l, f e L [0,1] and 

I | P ( f , k, t) - f(t)| |, r . n = OCn" 0 ^ 2 } for 0 < a < 2k+2, then 
n L pL a/b J 


Q 


2k+2 (f ' h ' p '[ai' b i]> = "A 


2k+2 


1 \ <h T L p[ a l /b l] 


= 0(h a ) . 


The work of the present thesis arose out of the following 
question to which we addressed ourselves to begin with ; 
Suppose ||P n (f,k,t) - f(t>ll L or I 1 P n (f? t) -f (t) | | L [a,bj 


P 

is of 0(n a// " log n) or I | P^ ( f , k, t) -f ( t) l | 


L D [a,b ] 


or 



/log n) , then what can we 


i I P n (f#t)-f(t> I 1 L is of 0(n~ a/2 

say about the smoothness of the function f? The answer to 
this question turned out to be ; 2 k+2 ^ f * t/P# [ a l * b l] ^ = 

0(t tt log (1/t)', 0) 2 (f,t / p / [a 1 ,b 1 ]) = 0(t a log (1/t ) ) , 

^ 2 k+2 f a i * ^*l] ^ ~ 0(t /log ( 1/t ! ) and £ a^ , b^ J ) 

0(t /log (1/t)'/ respectively. The form of the above answer 
was quite suggestive and it led us to a consideration of the 
more general problem of obtaining inverse theorems of a general 
order. The present thesis is the result of this undertaking. 

The main ingredients of the proofs of earlier theorems 
were Bernstein tyre inequalities and moments of the operators/ 
a lemma of Berens— Lorentz and Peetre* s K- functionals or 
Steklov type means. We found that two generalisations of 
Berens-Lorentz lemma and two generalisations of the result i 
Vl ( f't'P' [ a *fc] ) = 0(t a ) (t -* 0) implies that 
w b ( f , t,p, L a /bJ ) = 0(t )/ whenever a < k, turn out to be 
sufficient to provide us with a machinery by which the problem 
of a general order inverse theorem could be solved. In the 
present thesis, we have illustrated this for five well known 
classes or sequences of operators. However, it may be easily 
seen that the technic is of quite a general applicability 
(also with respect to sup-norm case, 1 . We have restricted 
ourselves only to the local approximation theorems. This is 
because we feel that approximation by linear operators seems 
specially tailored for taking advantage of local smoothness of 



functions/ as may be concluded from discussion of the subsequent 
section. 

0.2 Local approximation . 

Consider f(xi = |x - ?r| 1// ^°/ x s [0/1] . The polynomial 
P n of best approximation of degree n to this function on [0/l] 
in sup-norm, has precise order n 0 f approximation . In 

view of the Chebyshev equi-oscillation property it may be 
concluded that the same order of approximation persists even 
on an interval [.5 + 6,l] for any fixed 6 £ (0,,5> (Inf act, in 
the present case, sun { | f (x.' -P n (x' 1 | % x £ [o,l] } = | f (1 f-P (li 1 ) . 
However, it may be noted that the function is badly behaved 
only in a neighbourhood of x = 1/2 and that on [.5+6,1] it is 
a nice analytic function. Thus the polynomial of best approxima- 
tion does not necessarily take advantage of local nice behaviour 
of functions. On the other hand, consider B (f?t^, the nth 
Bernstein polynomial of the same function. ^ The order of 
approximation on |o,l] by B n (f;t) is 0(n ' v , which is poor 

in comparison with the order of approximation by P's. However, 

on [.5+6,1 ] with 6 as above, the order of approximation by 

—1 

B 's is 0(n ) and, therefore, B n 's indeed, take advantage of 

the local smoothness of functions in local approximation. Further, 
the linear combinations Jkj^^of B n 's defined by Butzer [l4] 
approximate the function f on [ *5-H5 with the order n . 

This type of behaviour, i.e., providing a better approximation 
in the regions where the function is better behaved, is commonly 



shared by several well known sequences of linear approximation 
operators. Some of the works concerned with the degree of 
( local/ general' approximation by linear positive operators 
are those of Berens and Devore [ 9 ] , Bojanic and Shisha [l3] , 

Hoeffding [26] , Korovkin [30, 31] / Lorentz [35,36] , May [40] , 

Muller [45] , Muller and Maier [46] , Rathore [48 ,50] and 
Wood ['68] and others. 

0.3 Linear co m binations of linear positive operators • 

Among linear approximation operators, linear positive 
operators occupy a special place of interest (Korovkin [31] ) • 
However, the positivity of such operators places a severe 
constraint on their degree of approximation (Devore [l9] and 
Korovkin [31 ] ) . To compensate for this several methods, e.g., 
using their linear combinations (Butzer [l4], Rathore [48,49] 

May [39] , Ditzian [20] , Rathore and Agrawal [52] , Rathore 

and Singh [53] , Singh [60] , Kunwar [32], Agrawal [l] , 

Sinha [ 6 l] and Winslin [67] etc.), the linear combinations of 
iterates of linear positive operators (Miccheli [42] , Agrawal 
[l] , Bleimann, Junggeburth and Stark [12] , Butzer and 
Berens [l 6 ,pl 05 ]), multiplying the kernels of linear positive 
operators by suitable factors so as to produce kernels with 
appropriate finite oscillations (Stark [62,63] / Hoff [27] '• 

see also Ditzian and Freud [ 23 ]; and interpolatory modifications 
recently considered by Sinha [6l], etc. have been proposed in 
the literature. Most of the above methods have been studied 



only with respect to the sup-norm. The study of linear 
combinations and interpolatory modifications of Sinha [ 6 l] / 

however, is with respect to L -norms. 

P 

0.4 Order of approximatio n. 

Approximation theorems concerned with the degree of 
approximation are mainly categorised as direct, inverse and 
saturation theorems. Indeed, a direct theorem tells the degree 
of approximation from a known smoothness property of a function, 
the inverse theorem infers the degree of smoothness from a 
given degree of approximation and a saturation theorem concerns 
with the fastest degree of approximation possible for a given 
method. 

In this connection, most of the results particularly on 
inverse theorems for linear combinations etc. of linear 
positive operators, available in the literature, concern with 
the order 0(n a ) , a a real number, of approximation (Agrawal 
[l] , Ditzian [21] , Kunwar [32] , May [ 39 ] , Rathore [48] 
Rathore and Singh [ 53 ] / Sinha [ 6 l]and Winslin [ 67 ] ■ >1 * 
the classical part of approximation theory (concerned with 
polynomials and entire functions of exponential type etc. of 
best approximation) also, the Bernstein theorems (which probably 
are the first known inverse theorems) correspond to the very 
order 0(n °S . Even for basic sequences and classes of linear 
positive operators the inverse theorems available are with 
respect to the order 0 (n of approximation (e.g. in the works 



Becker 


of Becker [2/3] , Becker/ Kucharski and Nessel [4] , 

and Nessel [5 ,6 ,8] , Berens and Lorentz [lO] , Butzer and 
Berens [l6] / Butzer and Nessel [l 7] , Devore [l9] , Ditzian 

[20]/ Ditzian and May [22] and de Leeuw [l8]etc.' . 

The basic theme of this thesis is to extend the degree 

of approximation results (mainly/ inverse theorems) to orders 

of approximation more general than 0(n a ) . The function 

- 1/2 

which occurs in the general orders 0(<p(n ' H, with which we 

concern ourselves in the thesis/ is only subject to the 
following restrictions s 

sup < K (h) , where for any 6 > 0, 

te(0/c] V 

sun K (hd < 0 = and for an apnropriate positive integer r. 
l>h>6 9 

IT CC 

h K^Ch) -* 0 as h -*• 0. We may note that <p(t> = t (which 
corresponds to approximation orders of type n } satisfies 
the above conditions for any integer r > a. In view of this, 
the earlier known inverse theorems turn out to be very special 
cases of the results obtained in the thesis. Some other 
examples of functions cp with the above properties are 

<P(t> = t a (log p (l/tV q (a < r / , 

cp (t> = t a /( log P l/t> q (a < r) 

and (a very general case'* 

cp ( t? - to^Ct^ (k < r) , 

where is a kth modulus of continuity (with respect to 



any of sup or integral L -norms) of some function on some 

P 

interval. 

In the thesis, in addition to 0(<P ‘ -inverse theorems, we 
also obtain inverse theorems of o(<P>-tyoe. These have the 
flavour of the little-o Zygmund theorem as described in 
Natan son [47 , Theorem 3, p. 109] . 

The approximation operators which we study with respect 
to the general order cp of approximation are linear combinations 
or interpolatory modifications of the following five sequences 
or classes of linear positive operators : (a) convolution 
operators U n ( Sikkema and Rathore [58]) on (-co /0 oj generated 
by powers of bell- shaped functions as kernels, (b) Bernstein- 
Kantorovitch polynomials P n (Kantorovitch [29] ) / (c) generalised 
Muller operators T^ (Kunwar [32 ,33]) which are also generated 
by powers of a fixed function as kernels on (0,°°’ , (d> Regular 
exponential type operators ( Sinha [61 ] , Agrawal [l] and 
May [ 39 ] ) and (e) generalised Jackson operators ( Schurer [55 ,56] 
Rathore [ 50 ] and Lorentz [ 36 ] ) * 

0.5 Some definitions and notations . 

In this section we give some basic definitions and 
notations which we use throughout the thesis. 

The symbols 3R, 3R + , IN and 3N° denote the set of real 


numbers, positive real numbers, positive integers and non-negative 
integers, respectively. The proofs of various results in the 



thesis extensively utilize constants which are independent of f 
(the function under consideration) and n (in U n , P n , S n and 
L • or X ( in T-, ' . Such constants will be denoted by 

il, /^2 ' * * * / M{ • * * * e tc. Thus, generally the presence of 'M* 

would implicitly mean that the constant is independent of f 
and n or X . 


Let 1 < p < °°. Then L [a,bl is defined as the class of 

P J 

all complex valued measurable functions f (with the usual 

b 

identification of functions equal a.e.) for which / | f (x) pdx < °°, 

a 

where the integration is in the Lebesgue sense and the norm 


in L [a,bj] is defined by 

b 

' 1 f 1 1 L fa bl = ( * if(x)! P dx) 

p L ' J a 


1/p 


The space [a , b] , similarly, consists of complex valued 

measurable functions which are essentially bounded on (a,b^ 
and it is normed by 


! I f I I L £ a = inf {II : | f(x) I £ M a.e. on [ a,b ] } . 

t 

* i * ' 4 * «• > 

The classes of all absolutely continuous functions over 
[a,b] and functions of bounded variation over j[a,b] will be 
denoted, respectively, by A.C. [a,b] and B.V. [a,bj . The 
class of k times continuously differentiable functions on 3R 
which have a compact support is denoted by C q . 

- i 

Next, we present some general definitions which are 
quite often used in the thesis. As oer standard practice, 
numbers in the square brackets are those of pertinent references 
listed at the end of the thesis. 



0.5.1 Newton' s forward differences [^5], 


Let f be a complex 


valued function over 3R and m s 31. Then/ the mth forward 
difference of the function f at a point t, of step length 5 / 
is defined as 


m 

A'; f(t) = S (?' f(t + j 5 ' s • 


m 

6 


j =0 


Convetionally, we write A . f(t’ = f(t* . 

o 


0.5.2 Newton's interpolation polynomials [ 25] . If f is a 
complex valued function over 3R and m e 3N/ then the Newton / s 
interpolation polynomial P (t* of degree m, which interpolates 
f at the equidistant points t i = 0 t • . • ,m, is given by 


m 


j=0 


i- ^ 

3 ! 


* j-1 

n 

i =0 


P m (t : = l S tt <5 J n (t-t,. 3 A j f(t^)}/ 


3 

‘6 


3 ~ 1 


where 6 = t. - - t. , i = 0 /...,m-l and n ( t-t . } =1 if j = 0 . 

1+x 1 i=o 1 


0.5.3 Hardy-Littlewood majorant [ 6 ®] . For any f S L [a # b]| 
(1 < p < oo > , the Hardy-Littlewood majorant of f is defined as 


H H= (x)=sup S f(t)dt (a < | < bj . 

^ |^x ^~ x x “ " 

0.5.4 Integral modulus of smoothness [ 65 ] • For any 

f £ L [a,b] (1 < p < “j / the integral modulus of smoothness 

of f of order m is defined as 


O m ( f /h/P/[a/b] ' 


sup 
0 < 5 <h 


I A™ f(t) 


L o [a,b-m 6 ]* 



0.5 .5 

Steklov means [6l] . 

Let f 

Then/ 

for 

T) > 0/ the 

Steklov 

means 

to f , 

is 

defined as 

follows s 


71/ 

m (t> 

m 7l/2 

_ — m / 

— V S 

-71/2 

T)/2 

... J 

- =71/2 

(f(t'- 


£ Lp [a,b] (1 < p < °°). 

m °f orc ^ er m * corresponding 


(-l) m ^ A™ f ( t) ) dt^ . . «dt m « 

St. 

i=l 1 


In the above integral we put f(t,? = 0 if t does not belong to the 
domain (a,b) of definition of f. 


0.5.6 Linear combinations [48] • Given a sequence {L ( 

of linear positive operators/ we define their linear 
combinations L (./k/t' as follows t 

Let d Q / . . . / a^. be k-KL positive numbers such that L 
are meaningful. Then 


• / 


t> } 


d .n 
J 


s 


L n ( ./k/t) 



L d n ( 
o 

L d 1 n^ 


• /t) 
./t- 



L 



• / 


tl 



where A^. is the determinent obtained from the displayed 
determinant after replacing the entries of the first column 
by 1 . 

These combinations can also be written as [ 39 ] 
k 

L (•/k/t'} = E G ( j / k) L^ n (./t) 
j= 0 j 


where the coefficients C(j,k) are given by 
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c( j,k) 


k 

n 

i =0 



a. -a. 

3 i 


k ^ 0 

k = 0 , 


ana th ey s a W s f y 

J 0 c( J' k! d 7 = « mo - 

for m = 1 / 2 ,..., k y where is the Kronecker-del ta equalling 

1 if i = j ana 0 otherwise. (Thus/ the linear combination 

L (.,k,t) is the kth aegree Lagrange interpolation oolynomial 

of L ^ ( . ,tK being regaraea as function of x) interpolating at 
x n 

x = d Q / a 1 ana evaluatea at x = 0 [25].?. 

0.6 Certain basic results. 


This section is a collection of some general results 
which will be usea in the thesis. 

We start with a lemma (Timan [65 , P.107]) which expresses 

an mth forwara aifference of a function in terms of an integral 
involving the mth derivative of the function. 

Lemma 0.6.1. Let f s L [a,b] (1 < p < 0 °) and have an mth 
derivative such that 


f (m-1) s A . c .[a,b] and f^ s l [a,b] . Then 
<5 <5 / ^ 

A? f(t) = I ... /• f Km ‘ (t + E y i ) dy 1 ...dy , t s [ a/b-mg] . 
0 00 i=l J " u ‘ 

The next lemma [64 69] gives a bound for the Hardy 

Littlewood majorant of a function. 



Lemma 0.6.2 . Let f e L^ [a,b] (1 < p < . Then the 

Hardy-Littlewood majorant Hp of f belongs to L [a,b] 


and 


H 


f 1 'L 


,L,b] - 2Vp 5?r " f|l i. . [a, 


*>] 


p u ' J " P L 

Now we state a standard inequality which qualitatively 

bounds an intermediate derivative in terms of the highest 

derivative and the function/ in L -norms. 

P 

Lemma 0.6.3 . Let f s L [a,b] (1 < p < be such that 

f^' e A.C . [ a,b] and f^ k+1 ^ e l [a,b]. Then 


£ " f "‘[^] T """L [a,b] 




,+ ! I f 1 I 


}, 


P' 


P l 


j=l,2 /..../h/ where M . 1 s are certain constants depending only 
on j/k/p, a and b. 

We shall also have occasions to use Riesz-Thorin' s 
interpolation theorem [ll , p. 2] which we state in 

Lemma 0.6.4 . Let 1 < P 0 /<3 0 /P]_ P Q ) / q 0 ^ 5, 00 an<a 

T : L [a,b] ^ L [c/d] be a bounded linear map with norm 


q 


M. (i = 0/1 5 . 

l ' 

II ® M? / wnere 

“ o 1 


Then T; L^[a,b] -*■ L [c/d] with norm 


1 _ 1-0 , 0 1 
P P 0 " ' - r 


k± + and 0 < e < 1 

Pl ' q q Q qi 


Next we give some estimates about Steklov means in terms 


of integral modulii of smoothness of functions 
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Let f s l [a/b] (1 < p < and 


Lemma 0.6.5 [6l] 

[ 7 ^ ] C (a / b) . Then, for all sufficiently small V > 0, 


f^ m has derivatives upto order m r the (m-*l)th derivative 
is absolutely continuous over [a^,b^] and the mth derivative 
exists a.e. on [a^,b^] and belongs to [a^,b.[j. Moreover 

there hold; 

( r-) 

i i -C ^ **“ i r 


^ V 0) ( f /Tj / p / £ ci / 1> J ) v — 1/2 / «► • • / m / 


V a i /b J~ r 


f— f 


71,m"L [a. , b. ] — M m+1 [a,b]). 


P L ~1 ' "P 

^/m 1 ' L p ^ ] - M m+2 1 1 f 1 1 L^ [a,b] ' 


P 


f 'T7^m 1 1 L p [a x , bj • - M m+3 77 ! 1 f 1 1 L p [a,b] ' 


where the constants Mp s are independent of f and T) . 

An inequality relating a lower order integral modulus 
of smoothness with a higher order integral modulus of smoothness 
is given in 


Lemma 0*6 »6 [65] • Let f £ L. Q [a y b] (1 < p < °°) • Then 

t,p, [a,b]} < t K { | i f | l L r ^-i 

b-a 

'2k w, , 1 (f / u / p / [a,b]) 

+ / — 151 — du } , 

t k+1 

u 

where the constant M^. is independent of f. 

We close this section by stating the well-known 


Minkowski inequality 



X 


Lemma Q .6 .7 . If the function f(x y y) is measurable on the 

rectangle a £ x £ b, c £ y £ <3- and for some q > 1, we have 

d b 1 / 

/ {/ | f (x,y; 1 ^ dx} ^ dy < then 

c a 

b d 1 , d b 1 , 

{/ | S f(x/y) dyi g dx}^^ g < / {/ l^X/v'l^- dx} dy. 

a c c a 

0.7 A survey of the contents of the thesis 

The thesis consists of five main chapters (excluding 
the present chapter 0) . It is a study of local L^-inverse 
theorems COUP'S and o('^P) ) of a general order <p , for linear 
combinations of linear positive operators u n -f s n an< ^ 

L n Interpolatory modifications of the operators P n 

and are also considered. In each chapter we deal with 

one sequence or class of operators. A chapterwise summary 
of the thesis is as follows: 

Chapter I : This is a study of the L -approximation (1 <_ p < °=’ 

1 ? 

by linear combinations U ( . y k, t ) of the ooerators U « 

n i* 

Many well-known operators like Gauss-Weierstrass operators/ 

De la Vallee Poussin Operators/ Landau operators etc. are 
particular cases of these operators. Section 2 is a brief 
introduction about the general order <P of approximation under 
consideration. The results in this section arc useful in 
proving all our 9-inverse theorems and contain a generali- 
sation of a lemma of Berens and Lorentz [lO] and another 
of Timan [65] .» Section 3 contains some basic results 



about the operators U n and U (.,k,t). Lemma 1.3.5, in 
this section, is a localisation lemma, which implies that 
the degree of approximation by U n or their linear 
combinations essentially depends on the behaviour of (3 in 
a neighbourhood of origin. In section 4 we prove a direct 
theorem for the linear combinations U n (.,k,t). Sections 5 
and 6 are devoted to our main results viz., the 0(cp) and 
o(cp) -inverse theorems. These are local in nature in the set 
up of contracting subintervals; so are the 0( cp % and o(<p) 
inverse theorems in subsequent chapters. 

Chapter II % In this chapter we study <p~inverse theorems 

for linear combinations P (.,,k # t) and interpolatory 

modifications of Bernstein- Kantorovitch polynomial 

P n^' # "U* Section 1 gives a brief introduction about the 

operators and Section 2 consists of basic results about the 

operators P (.,t), P (.,k,t) and P (,,tj. The 0 (<?) 
n n n / m 

and , o(<P) -inverse theorems for linear combinations P (.,k,t) 

are obtained in Sections 3 and 4, respectively. Lastly, in 

Sections 5 and 6 we prove 0 ( <P } and o(<P ) -inverse theorems for 

the operators P ( . , t) . 

n,m 

Chapter III . This chapter deals with linear combinations 
T^(.,k,t' of generalised Muller operators T , which generalise 
several well-known operators including the Gamma operators of 
Muller [1*3] and Post— Widder [66] and modified Post- 
Widder operators [ 39 ] « The operators T^ are defined 
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in Section 1. Basic results about T^, which are useful in 

later sections, are dealt with, in Section 2 and in Section 3, 

we prove a direct theorem. To prove this, we first obtain a 

lemma which estimates the error in approximation in terms of 

derivatives of a function (lemma 3*3.2). Section 4 contains 

the 0( (?) —inverse theorem for linear combinations T ( . , k , t ) 

A 

of the operators T (,,t) . Lastly, in Section 5, we prove 

X 

o( < P> -inverse theorem for the operators T (.,k,t). 

A 

Chapter IV . This chapter is a study of linear combinations 

S ( . ,k, t> and interoolatorv modifications S^ («,t) of 

regular exponential type operators. Section 1 is an 

introduction to the operators and Section 2 consists of basic 

results about the operators S (.,t), S («,t) and S (. / k / t). 

Sections 3 and 4 are devoted, respectively, to the 0(<p) and 

o(b) -inverse theorems for the operator S^C .,k,t) and the 

last two sections. Sections 5 and 6, contain the 0 (<p) and 

o( <£) -inverse theorems for the operators S («,t). 

~ n,m 

Chapter V . This is the last chapter of the thesis dealing 

with the linear combinations L («,k, t) of the generalised 

n,p 

Jackson operators L («,t) for functions which are 
- n,p 

271-periodic and belong to L^[~7 T,tt] (1 £ q < • The 

operators and their linear combinations are described in 
Section 1 . Section 2 contains some basic results on the 


moments, the convergence and the L -boundedness of the 

P 

operators. Section 3 is a direct theorem for (.,k,t). 

n / p 
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The last two sections (Sections 4 and 5) are devoted to 

0(9) and o (9) -inverse theorems. It may be pointed out here 

-1 ^ 

that for L (./k/t) we work with the order 9(n ) rather 

n,p 

than the orders 9 (n and -9 ( X of earlier chapters. 

This is because the mth absolute moment of the operators 

L (,.t) is of order 0(n~ m ) whereas in the case of the 
n,p 

operators of earlier chapters the mth absolute moments were 
of the order 0(n and 0( \ • Lastly, we obtain 

global 9 -inverse theorems for («,k:, t) as a consequence 

of the local 9 - inverse theorems. 



CHAPTER I 


C p -INVERSE THEOREMS FOR LINEAR 
COMBINATIONS OF OPERATORS U n 

1.1 Introduction . 

In this chapter we study the linear combinations U (.,k,t) 
of a general class of convolution operators U (.,t) generated 
by powers of bell- shaped functions. 

A function 8 s ( IR) is said to be bell- shaped if 

(i) )3(t) > 0 for all t 6 IR 

( ii) <3(t) is continuous at t = 0 and ,8(0) =1 

(iii) sup jB(t) < 1 for each 6 > 0. 

I t| > 6 

The class of all bell-shaped functions will be denoted 

OO O 

by B. By B ' we mean the class of (3 s 3 which are infinitely 
differentiable in a neighbourhood of the origin and for which 
8 V ; ( 0) ^ 0. Also, for any 5 >0, B^ denotes the class of 
all 8 s b 00 ' 2 such that supp 8 ^ (-5/6) and 8 is infinitely 
differentiable on ( — 6,6). 

With 8 s B / the class {U_ % n > 1} of linear positive 

convolution operators U n is defiled by 

00 

(1.1.1) U. (f;t) = / 8 n (t-u) f(u) du 

^ — *oo 

where ^ 

OO 

a(n) = / 8 n (^) du. 


( 1 .1 . 2 ) 


*-*oo 
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Several approximation operators [58] can be obtained 
is particular cases of the operators U • Here are some examples 


0 ( t) = e , t S 3R 

we get the Gauss— Wei erstrass operators W n defined by 

co - ~(u-t)^ 

W (f;t) = — / e f(u) du 

n ^27f -oo 


P(t) = { 


COS 2 t At t e [-71,71] 


3R - [-71 ,71 ] , 


we get De la Valine- Poussin operators V n on the space ft 
of all 27i -periodic /bounded , complex- valued measurable 
functions on 3R, defined by 

v n (f;t) = 27T ( 2n— l) ! ! cos ^ 2 * du ’ 


For a,b,c SIR such that c > b-a > 0, 


! ( t) = { 


i - (L 2 

c 


, 1 t| < c 
/ I tl > c , 


gives the Landau operators L n on the space of all bounded, complex 
valued, measurable functions vanishing outside the interval 
(a,b, J defined by 


V***' ■ rW [< — - ( y-^ )]° 


)] n f (u) du , 


where 


c 2 2 

l(n) = / du, 
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Operators of the type U («,t) were considered for the 
first time by Korovkin * chapter 1 ] • Later* Sikkema and 
Rathore [5 8] obtained results on the convergence in the basic 
approximation of continuous functions and under the assumption 
that 3 "( 0 '> £ 0 * formulae of Voronvskaja type, giving a precise 
rate of this convergence for Unci differentiable functions* 
Lipschitz-Nikolskii constants and convergence in the 
simultaneous approximation of derivatives of functions with 
the corresponding derivatives of the operators. Next* 

Sikkema [59] constructed a subclass B # of B which yields a 
much higher order of approximation than any power of n. Also* 
he [69] obtained asymptotic formulae of Voronovskaya type for 
the speed with which U n (f*t) -* 0 as n -* °°» 

Very recently* Winslin [67] has obtained global direct* 
inverse and saturation theorems for the linear combinations in 

L -norm (1 < p < °°) . His inverse theorems correspond to the 

P “ 

orders of approximation (0 < a < 2k+2) . 


Our aim here is to study the local approximation by the 

linear combinations U n (.*k*t) of the convolution operators 

U (.,t) for f s L ( HR) . It is clear that U f is meaningful 
n p ^ 

for f s L ( m) and moreover I lU f| U ( -o0 „) £ 1 1 f ' l L (~co,P 

P 11 p v * * P . 

Further* for f s L (- 00 * 00 ) * 1 1 U n f-f | I L 0 as n -*■ °° (l£p<°°)» 

^ Ti 


Let d * . . 

-1 

n > max d . * 
0<i<k J 

by 


, d^. be k+1 distinct positive numbers .Then for 
the linear combinations U n (f*k*t) are defined 
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u n (f,k,t) 

where 

C ( j / k) = { 


k 

= E c(j,k) u- (f;t) , 

j=0 a j n 

k d . 

n -r-j - g- - if k / 0 

i=0 3 i 

i ^ j 


1 


if k = 0 • 


In this chapter, for the operators U (.,k,t) with 0 c B 00 * 2 , 

we obtain local direct and inverse theorems of a more general 
—1 /2 

order <p(n 7 ^ in L^-norm (1 <_ p < «>} over contracting 
subinterval So All through this chapter, unless stated otherwise, 
the operators U t.,t' correspond to 0 e B°° /2 . It may be remarked 
here that our results corresponding to k = C constitute local 
approximation by the operators IJ n themselves. 

In the sequel. Section 1.2 introduces the general order 
tp of approximation and Section 1.3 contains basic results about 
the opera tors U n ( t) and U (.,k,t). The local direct theorem 
about U (.,k, t) is proved in Section 1.4. Lastly, in Sections 1.5 
and 1 .6, respectively, we obtain our main results, viz., 0(cp) and 
o(<p) —inverse theorems. 


1 .2 The order <P of approximation . 

This section consists exclusively of the results about the 
order of approximation. The results here include the 
<p— generalisation of a lemma of Berens and Lorentz [12] • 

Definition 1 .2 .1- 

For any r s IN, a function cp on (0,c) is said to belong 
to the class $ r if it satisfies the following : 



1. For any 0 < h < 1, there exists a constant K^(h) depending 
only on <P and h such that, for all t s (0,c] , 


^<KJh) 
cp(th) ^ 


2 • For any 6 > 0, 


3. 


K. = sup K,„(h) < 
6 h > 6 9 


and lastly, 

h r K(p(h) -» 0 as h -*• 0 , 


We give some illustrative examples of ^ at the end 

of this section. 


Lemma 1.2.2. Let c > 0, q be an increasing function on (0,c] 
and for some r SIN, <P s such that, for all t,h s (0,c] , 


(1.2.1) 0(h) < M{cp(t) + (|) r Q(t)} . 

Then 

(1.2.2) ' q (t) = 0(cp(t)) (t ■» 0). 

Remark 1. The aforementioned lemma of Berens and Lorentz [lO] 
is a special case of this lemma obtained by taking 
(p (t) = t a (0 < cc < ri o 

Remark 2. This lemma would be extensively used here and in 
subsequent chapters, in the proofs of 0(cp) -inverse theorems. 

Proof of Lemma 1.2.2 . Since h r K (h) -*■ 0 as h -* 0, choose 

A > 1 such that A~ r k^a" 1 ) < ~ . Let h m = cA 1 "™ 


and 



M X = max » 2M K^Ca" 1 } } . 

First, we prove that 

(1.2*3) Q (h^) < (p ( h m ) form = 1,2,..* 
by induction on rru 

Since = c, (1.2.3) is true for m = 1. 

Assuming (1.2.3) for m~l and taking h = h and t = h .in 

m m— 1 

(1 .2 .1) , 

Q(h m ) < M + A~ r q (h^) } 

< M{K (A _1 ) + A~ r M. K (A -1 )! If(h m ) 

— tp i (p rn 

< \ <P(h m ) . 

Thus (1.2.3,'* is proved for m and hence is true for m = 1,2,... 

Now, t s (0,cl implies that h < t < h 1 for some m SUN. 

J m — m— i 

Hence, 

Q ( t) < Q(h which from (1.2.3) becomes 

— m-l 

< IN <P(h . > 

— 1 m-1 

< M^l Kqj ( — j < p (t) 

m-l 

£ MK * £p ( t) , 

A X 

t h m -1 

since r- > rr — - = A and hence the lemma is proved. 

n — n - 
m-l m-l 

The next lemma would be of crucial importance in the proofs 


of o(cp) inverse theorems 



Lemma 1.2.3 


Let c > 0, V s for some r 6® and g(t) be a 
positive increasing function on (0,c] such that/ for all 
t/h e (0,c] , 

(1.2.4) Q(t) < H£^(t) + (|) r Q(tU / 
where 

(1.2 15) 4>(t) = o(«p(t)) (t - O’* . 

Then 

Q(t) = o ( <p( t) ) (t -» 0) . 

Proof | From (1.2.5), i{>(t) = e(t) <P(t) , where 

e(t) -* 0 as t -*■ 0. 

IT 

Since <p s $ f t K<p(t) -*• 0 as t -* 0. Hence, we can choose 
A > 1 such that 

A~ r K^A -1 ) < ijj . 

1 _ Q(h_) 

Let h* = cA 1 "™, 6m = ;7r ^j and e > 0. 

Then, there exists n Q e IN such that, for all m ^ n , 

e(Vl } K <P (A " 1} M < s / 4 * 

Taking h = h fn and t = in (1.2.4) we get 

0 ( V - + A_r a (h m-i >! 

= MCe(h m-l ! * ( Vl ! + A_r «m-l 

< «e(V a ) V 1 ' 1 ) *(\) + A -r K^A -1 ) 6 m _ 1 t Kh m )i 

< (s/4 + Td^) 



and hence 


< E / 4 + T 1 - 


Thus, proceeding recursively/ 


,2 . _ ,*m. . n o 


m-fn 


< £/ 4 + S/4 + * . • + S/4 + 




= (s/3) (1 


1 ^ 

3L) + 

4 m 4 m 


Since e is arbitrary/ we get that 6 m -» 0 as m 
that 


=° /Which implies 


0 (h^) = °(^(h )) (m -* °° 


Now/ t e (0,c] implies that there exists ra si such that 

4 < U h m _i • Thus 

n(t» < = 6 m _i <J(h ni _i ) 

£ « m -i V^yL M 

i «m-l K a -1 

Therefore, 

Q ( t) = o ( cp ( t) ) ( t -* 0) • 

Lemma 1*2? 4. Let k SUN, f s L._ fa,bl (1 < p< °°) and cp s 

**“” ■ p L -» jC 

such that 


(1.2.6) ^k+l ( f / t/P/ [ a / b ] ) = 0(<p(t)> (t -*• 0) • 

Then 

£j)^(f,t,p, [ a,b ]) = 0 < ^ ( t> ) (t •+ 0) . 
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Remark : This lemma is a ^-generalisation of the following 

well-known result (see £65] * §3.34, §3.3.12— 13, pp. 110—12] and 

£ gfl J) • In the sequel we put (t) = 4 >(c) , t e ( c / °°) • 

Proof of the lemma 1.2.4 s By hypothesis (1.2.6), we have 
b-a h~a 

2k co^+i ( f * u /P/ [ a / b ]) 2k 


X 

t 


u 


k +1 


du<M 1 / <p(u) u"'^"' 1 ' du 
*™ t 


and hence choosing h( 0 < h < 1 ) such that h K^(h) < 1 , we get 


X 

t 


jo^ci 

Tk~ co- k:+ 1 (f,u,p, [a,b] ) 


k +1 


u 


co t/h 

du < M l S J“ P 
P=0 t/h 


P+1 


mm' V— 1 

c p (u) u du 


P ! 1 

oo P t/h cp (u) 

< M, E 9 (t/h ) X “P” 

1 P=0 t/ / h p cp ( t/h } 


u "^ 1 du 


, /.P+l 

00 P Vh -.fc-i 

< yj E <P ( t/h ) X 

“ 1 h p_n , P 

p “° t/h 


u 


du. 


since t/uh > h» Thus, 


i» k+ 1 (f,u,p, [a,b]: 


pi OO 


X 

t 


'u * +1 


du < —4 E 9 (- 5 ) h - 

" t k P=0 h 


Pk 


But, 


cp ( t/h 

ipct 


P ) cp(t/h P ) cp ( t/h P ~^ ' 


cp(t/h P "' i ) cp (t/h 


cp ( t/h) - p 

< (K m (h> ) . 


^ 2 T *** TTt) - ^ 


Hence, using the fact that K (p (h) h < 1, 


b-a 

2 k 


M- 


X 

t 


CO 


k +1 


(f,u,p, [a,b])dt<-| <p(t) . 

t 



Using a. result of [65] 


/ 


viz,, for any f 6 [a,b] (1 < p < «0 


(1-2.7) to (f,t,p, [a#b] ) 


b-a 

v 2b w.,! (f/U,p, [a,b]) 

i«k t f" f " Lp [a,b] + ; ^5- 


t 


u 


k+1 


we have 

(1.2.8) to, ( f, t,p, [a,b]> < M, t^Cnfii 


Ii 


L p[ a ' b ] b 


+ — (p ( t) } • 


Now, since cp & h K^Ch) -» 0 as h •* 0. Thus, we get that 


t /<p(t) •* 0 as t •* 0. 

Hence, (1-2.8) implies that 

co k (f , t,p, [a, bp = 0 ( <p( t) ) (t -* 


The little -o version of lemma 1.2.4 is 

Lemma 1.2.5 t Let k SIN, f s L [a,b]j (1 < p < °°) and tp s ^ 
such that 

“k-f-1 (f # t,p,‘[a,b]) = o ( g( t) ) (t - 0) . 

Then 

Q 1 (f,t,p,[a,bl) = o( <j>(t) i (t -* 0) . 

4\ J 

Proof % Let s > o. Since ^ (f , t,p, [a,b] ) = o(<p(t)), we can 
choose a sufficiently small 6 > 0 such that, for all t S (0,6]# 


w k+l [a,b]) £ s cp(t) . 


Hence, 


; 


to 


k-i-1 


t 


( £,u#p# [a,b] ) 

k+1 

u 


du < 


S J 
t 


<p(u) 

T 51 


du . 



Thus, proceeding as in the 

(1 .2.9) 


k+i (f,U,p, [i 

- 

k+1 


t 

u 

Next, 

b-a 


(1 .2 .10) 

2k 

S 

6 

“k+l (f ' u ' p 

u k+l 


sm 3 


du < <p( t) • 


au £ <\ + i w ~ 


/P/ [ a ,b] ) 


= M 4 , say, 


Now, from (1.2.9) and (1.2.10), 


b~a 


2k 0) v1 (f,u,p, [a,b]) SM 
' *1 ^ <p(t) * M 4 


Thus, from (1.2.7), 

U k (f,t,p,[a,b]) < M k t k | |fi l Lp [ a/b j 


+ M k t , ; 


b~a 

jc _2k (o k+1 (f,u,p,[a / 

t u 


T-+T 


du 


i M k ^ llfl 'l [a,b] + m 3 e <flt> + M 4 “k tlC 
P 


= K ^ I 


|f|l L [a.b] + “k e say> 


Hence, 


o, ( f, t,p, [a,b ] ) - ,k 

— £“tirtr " f|1 L [a,b] +M £ 


Wtj ““ - 

Thus, using the fact that 
1c 

t /cp(t) -*■ 0 as t -* 0, we get 
o k ( f , t, p , £ a , b] ) 


lim sup 
t -* O 


<?(t) 


< s K” . 


V 


Since £ is arbitrary - / we get the result. 


Examples of approximation orders <P s § • 

Throughout our discussion in the rest of this section/ we 
take r s 3N, a se such that 0 < a < r. 

1. For t S (G,c], c > 0 / 

<P(t) = t 1 £ § r . 

For, here we can take K^(h) = — ^ * Then clearly the 
other conditions are also satisfied. 

2. Let p £ 3N, q > 0 and c > 0 be such that log P 1/c > 0. 
Then/ for t £ (0,cj / 

<P(t) = t a (log P l/t) q s § r . 


For, here 


3 . 


sup 

t 


<P(t) 
cp( th) 


< 1/h 


a 


and hence, taking K„(h) = l/h°’’ , we observe that the 

other two conditions of $ are also satisfied. 

r 

Let p £ 3N, q > 0 and c > 0 be such that log 13 1/c > 
Then, for 


<P(t) 


K^(h) 
and hence 


= t a /(log p 1/t 


<P ( t) 

= TTthl 

<P s § r . 



t £ (0, c] / 

log P 1/ch 
)<I 

log^ 1/c 
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4. Let Toa < a < b < <», k £ IN. Let f £ £a,b] (1 < p <_ °= 

be a function which is not a polynomial of degree < k— 1 
Then, for. r (> k) £ IN, 

q5(t) = u k (f,t,p, [a,b]) S § r 

where t s ( 0, c] , c < . For, by (Timan [65] ), 


< P ( t) 
"cp( th' 


(i + 


= V h ' 


and K^Ch) satisfies the required conditions. 


1.3. Basic Results 


In this section we give some basic estimates and 
results about the operators U n (.,t) and U (*,k, t) , which will 
be used in the later sections. 

Lemma 1.3.1 [58] ; Let k s IN° and j3 s B. Then 

b _• k 

E (-D 1 ( 7 ) a(n+i+l) 

. i=0 1 

l im = 1 , 

n "°° E (- 1) 1 (*) a(n-f-i) 
i=0 

where a(n) is given by (1.1.2). 


Taking k = O in lemma 1.3.1 and applying it repeatedly 
we obtain 


Corollary 1.3.2 [58] : For m £ IN, 


. a(n-m) 

lim aC 7 = 1 


n->oo 


n. 


where a(n) is given by (1.1*2) 



The following lemma gives an asymptotic expansion of the 


moments of the operators ( • , t) • 

Lemma 1 « 3 . 3 Let 6 > 0, j3 s 3 ^ and k £ IN . Then the following 
asymptotic eixpansion is valid? 


sW s tV(t>dt * 


"k,r 


z (n -* co) 


r^+l i n 

r\ 

z 


fVl-i *1 

r = L-o— J 


where C are constants independent of n. 

K/ IT 

Proof ; Assuming that £ s B is m-times continuously differ- 
entiable in a neighbourhood of the origin with P /r (0^ 0 

and t k 3^(t) £ L^(-°°,co) for some £ > 1, Winslin [67] has 
shown that 

C, 


a(n) 


/ t k j3 n (t}dt = 2 


"k,r , _/• 1 \ 

— 0“ + oy v-— - -m) / 


% rk+1 i n 
r ~L o ] 


h 


k+m-2 


where C 1 do not depend on n. 

Since j3 s these assumptions are satisfied for an arbitrary 

m and hence the lemma. 

Corollary 1.3.4 Let k s UN, 6 > 0 and 13 £ ° Then 

U (|u~t| k ;t) < / M being a constant. 

n n ' 

Proof Let s > k be an even integer. Then by HSlders 


inequality 


1 , „n, . v ... , . k 


a(n) 


f B (t-u) i u— t 1 du 


GO / 

< { ' a T n y ; J3 n ( t-u) |u-t| s du} C//s * 

—CO 

* f miT P n (t-u)du! 1_k/s 

—CO 


Now the lemma follows from lemma 1.3.3. 



The following lemma has a crucial importance all over 
this chapter# It is a tool with which we can extend our 

CO 0 

results for any 3 £ B * by just proving them for 3 e 
for an appropriate 8 >0# 


Lemma 1.3.5 Let 3/3* s B such that 3 = 3* on (-6/6) 
for some 6 > 0. Then for any g > 0, and f $ L (— oo / oo) 

(1 £ p < °°) 




u* ( f ; t) 


n 


L (« 
P 


co / co) 


= 0(n" 




(—co t co) 


(n-»oo) 


where U /U* are the operators corresponding to 3 and 3* 
respectively . 

CO 6 

Proof / 3 n (n) f(t-u)du = / 3 n (u'' f ( t-u'' du + S 3 n (u) f ( t— u) du 

~~ -5 lu|>6 

= f n (t) + g^(t), say. 

Then/ assuming that X ^(u) is the characteristic function 
of IR - (-6/6) / we have 


(1.3.1) ugP(t)n Lt )< 1 X (u)g n (u)nfn L ( , 

p -0° P 


du 


< a 3 (l) Mfll Lp( _ <M) , 


where 


3 = sup 3 ( t) < 1 

6 IR - (-6/6) 

a 0 (l> = S 3 ( 0 .) du. 


and 


Write 


cc(n) = a^Cn) 


S 3 n (u)du + f 3 n (u)du 
-6 |u|>6 

f + 6 ^ 
n n 


/ 


say 



Clearly 
(1 • 3 • 2 ) 


5 n 1 a e (1> C 


Let 6 a £ 6 be such that, for |ul < 6” , 

1 + 0 . 1 + 3 * 

(1.3.3) 3(u) > max { — — - , = X. , 


say. 


Then 

(1.3.4} 

(1.3.5) 

Hence 


X > max t ,8 *, 3g } 

Y n > 2 <5 > 2&V • 


and 


|U f-U' r fi| T ( 
n n L (• 
P 


f +Cf^ f +g^ 

_ , 1 n g n _ n J n 

-II S 8-^ ll L (-oo-oo) 

r n + 4 P 

— aTTnJ .a (n ' 1 ^n 1 1 L (- °°,°= ) ^n + §c? 
p j 3 * P 

+ « Cn> I ig^i 11 ( -»,„) + y n >'igf ' 

P' D 


- p 

Thus from (1.3.1'', (1.3.2), (1.3.5) and using the fact that 

I I f I 1 t t \ < l | f l l T ( \ t we get that 

n L (- 00 , 00 ) — 1 ! 1 'L (- 00 , 00 ) ‘ ^ 

P P . g 8 ( 1 ) C lw »« H1 ^ 


y-“' 


n-l 


IU f-U*f| 
n n 


1 L (- 00 , 00 ) — * ' ' L (- 00 , 00 ) ^ 

r> n 



0 , 


2 6" X 


2 t X n 


r £ 

Now, since -2- < 1 , for 

X 

.n-l 


, any s, > 0 , 


a ft (l) 3 * a R (l) 3 o n-l _ £ 

-A- < 5 — = .(- 6 ) * o(n 

2 ^ X n 2 6 A X A 


Similarly, for any A > 0 



0(n 


, o(n^) 


and hence 


1 |U t-U'“f | |_ , 

n n L (-00 c 

P 


^ L (— oo <50 ) 
P 


Hence the result. 


Now we prove two localisation lemmas which would be found 
useful in the later sections. 

Throughout the rest of- this chapter/ we use notation 
Ij = [a^/bj] # j = 1/2 where -°°<a^<a 2 <b 2 <b^<"°. 

Lemma 1.3*6 Let f £ L^(— 0 °/°°) (1 <_ p < <») and (3 £ B ^ 
with 6 < min (a^a^/ h^-b 2 ) * Then, for any J? > 0/ 


U ( f ? t> 


n 


(i - 1 1 fi ! l_(i. 


P 2 

Proof By Jensen' s inequality 


P 


V f?0 ' 'E a,) - sir ; 2 _i » n<u) 1 f(t_u) |P dudt 

p 2 a t~. 


2 

1 , ] °2 6 „n 


a(n) 


r JB^Cu) | f (t-u) I ^ dudt 


V s s 


± TTTTT 1 J 0 n (u) | f(t) | p ' dudt 

U> \ 11/ 




< Hfllr t-r \ 


P 

L (I 1 < 
P 1 


and hence the lemma. 


The following lemma is clear from the definition of the 


operator ( » / 1) 
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Lemma 1.3.7 Let a < c < d < b and X(u) be the character^ 

istic function of the interval [a,b further/ let 

f e L (- 00 , 00 ) (1 < p < 00 ) and J3 £ B with 6 < min(c-a,b-d3 » 
p — 6 

Then/ for all t £ [c/d] 


U n ((l-X(u?)f(u)jt) = 0 

Next we prove a lemma which gives an asymptotic expansion 
of the error for functions in (- 00 , 00 ). 

9 v j-9 

Lemma 1.3.8 Let f £ CT ‘'(- 00 , 00 ) and 13 £ for any 6 > 0* 

"’hen there holds 

U (f,k,t)-f(t> = n~ (k+1) { 2 e " 2 c.f (i) (t)+o(n“ (k+1} ) (n - 00 ) / 
n « ^ i 

uniformly for t £ 3R , where c^'s are certain constants* 

Proof For some £ lying between u and t we have 


(1.3.6) 


f (u) = 2 

i=0 


2k-:-2 j=( i) / .\ .? 

Lt} (u-t) x + 


+ ■ (^■“27 T — (f ( 2 k+ 2 ) (|)-f ( 2 k+ 2 ) ct)). 


From lemma 1*3.3 and the fact that S C(j,k) d. m =0, m=l/2/..«^k/ 

j=0 J 

it follows that for some constants c^ f 


(1.3.7) U n ( (u-t) 1 / k/t) = n“^ +1 " c i + o(n"^ k+1 ^3 (n -» «>) / 


where i=l ,2 , . . . ,2k+2 and o-term is uniformly in t £ (- 00 , 00 ) . 

Since f(2k+2) £ C o (-<x>,°°) , given an arbitrary S > 0/ 3 

6 > 0 such that whenever lx-yl < 6 / 
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f (2k+2) (x) - f (2k+2 >(y), < 8. 


Hence, 


V (u-t) 2k+2 (f ^ 2k+2 ^ (g)»f (2k+2) J . 


t) 


< SlU n (lu-t| 2k+2 / t)| + 2_ llf ( 2 k+2) 


c o (-«v 


< e. 


M 

TV T 1 x -t 

11 + 1 


x |U n ( |u-t| 2k+4 ;t) | 


k+1 k+2 

n n 


Thus 


(1.3.8) |U ((u-t) 2k+2 (f (2k + 2) (g) - f (2k+2) ( t));t)i < is +1). 

— K-rl n 4 

n 

Now, comoining(l .3.7) and (1 .3*8) from (1 .3.6) we get the result. 

We close this section by stating a special case of a 
lemma of Sikkema and Rathore [58] . 

Lemma 1.3.9 Let (3 S B^. Then for any m < n, there holds 
the identity : 

r m-k -i 

“r 3 n (u-t) = 3 n ~ m (u-t) s j? n V (n —■ 3(u-t)) k g (u-t) 

3u m k =0 V =0 3' u v,k,m 

for all t,u s IR , where g , are certain linear combinations 

V / rC / m 

( 'll) 

of products of /3^,...,3 U (which are independent of n) 
and hence bounded on IR . 


1 .4 Direct theorem 

In this section we prove a. direct theorem whose corresponding 
inverse theorem is dealt: with in the next section. 

t, 
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2k+2 ' 


Theorem 1.4.1 Let f S L (-°o,co) , S B and cp s 

p ZK-rZ 

Then/ for sufficiently large values of n 

W 2k+2 ( ‘ f/t/P/I l^ = °(<p(t)) (t - o) 
implies that 

||U (f,k,t) -f(t) l l / T \ = 0(<P(*t^) ( % oo) • 

n L P (I 2 } 

Before proving the theorem, we prove some auxiliary 
results which shall be used in the proof of the theorem. 

Lemma 1.4*2 Let j3 £ B with 6 < min(b^— b 2 , a 2 ~a^) and 
f s l^(-°o,oo) (1 < p < o=) have 2k+2 derivatives on 1^ with 

f (2k+l) s Ao c< ( t ) and f^ 2k+2 ^ s L (I.). Then 

x pi 

I |U (f/k/t) - f C t) 1 1 T /_ v < M , M -(2k+2) m if 1 1 1 

n L p U 2 ^k+T {! lf 1 ! L (I 1 ) +1 lf,, L (IV 

* n P 1 p J- 

Proof Assuming that X (u) is the characteristic function of 

1^ , we have from lemma 1.3.7, for all t S I , 


U n (f?t) = o( ~ n ' r * f3 n ( t-u)X (u) f (u) du. 


For 

t e I 2 

and u s I 

f(u) 

2k+l 
= E 

(u-t) i f (i) 


i=0 

i ! 


1 f \ 2k-KL _c(2k-!-2 ) , ^ 

+ ^2k~+ l' y } f (w)dw. 


we get. 


u n (f;t) 


1 2k+l rrCD / , V 00 • 

1 2 IXi . j p n ( t — u) X ( u) ( u- 1) 1 du 

II _OJ 


+ 'a(n) 


/ ,8 n ( t-u)x (u) 1 (u-w) 2k+ ^ f ^2k+2) ( w ) (j w du« 
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Thus 


2k+l f (i) , x k 1 00 d.n 

U ( f #k/ 1) —£( t) = S S C( j,k}~ X IS 3 (t-u)X(u) x 

i=l 1 * j=0 a(d.n) -«> 

x (u-t) 1 du 

k , 00 d .n 


TztfilT' . E r C( J' k 'k(d.n> X P J (t- U )X(u»x 
3=0 3 —00 


X / U (u-w) 2k+1 f (2k+2) 


( w) dwdu} } 


(1.4 .1) 


= Z 2# say. 


Since S C(j,k)d. = 0, m=l / 2,... / k , using lemmas 1.3.3 
j =0 J 

we get 

a. 4 . 2 ) !nf (2k+2) n Lp(l2 , + nfn Lp(l2 )l- 


Consider 


2 00 

R = X 1 X X(u)3 n (t-u) X (u-w) 2khl f (2k+2) (w)dwl P dt 

a 2 y t 


which by Jensen's inequality is 


Id Id 

i— p- r r m-ti ^ 2 k+l ' P. f y fni ^(2k+2) 


- afer J S ^ (t-u) |u-t| 

a 2 a l 


lX X (u) f 
+* 


( w) dw| p dudt 


- oITTf 1 1 1 1 ' (2k+1)p l X X(u>f (2k+2) (w)dwl p dudt. 

—CO —CO t+U 


Again using Jensen's inequality 


< ~fTX r / 3 n (t) i ti < ‘ 2k+1 - !p X |X(w)f^ 2 k+ 2 n P dwdudt 


~oo t+U 


4~y X 0 n (t) 1 1 | (2k+1 ' p X lift s p ~ X iX(v 7 )f ( 2 k+ 2 ) (w) I 2 

U '^ n ‘ -CO -co v/-t 


dudwdt 
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- aW ; P n(t) I ti (2k+1)p lt i p Hf 


(2k+2) 


XI, ? , \ dt 

L (- 00 , 00 ) 


Thus, 


M 


( 2. .4 .3) Ri^Jp 


(2k+2) p 

f 11 L (I-,) 

P 1 


Hence from (1.4.1) and (1.4.3), we get 




1 . . 4: (2k+2) 

2 " L p (I 2> - n k+1 "V 1 !* ' 


(1 .4 .4) | | z 0 | | r , T N < -~rr I I f 


Combining (1.4.2) and (1.4.4), we get the result. 

Proof of theorem 1.4.1. In view of lemma 1.3.5, it suffices 
to prove the theorem for 0 £ with 5 < min (a 2 “x,y-b 2 ) where 

a^ < x < ^2 < ^2 < Y < -^l • 

Now, for sufficiently small V > 0 

I |U (f,k,t) - f ( t) | 1 L ^ 

p u 2 ; 

< I l u n C f “ f T 1 / 2 k+ 2 /k/t) 1 ! L (I 2 ) 

+ 1 lU n (f n,2k+2 ,k/t) "' f ^,2k+2 (t} 1 'L p (l 2 ) 


+ I i f 


V,2-k + 2 (t) - f{t)ll L p (l 2 ) 


(1.4.5) = 4- Z 3 , say. 

Let X be the characteristic function of [x,yj. Then, 
from lemmas 1.3*7 and 1.3.6, 
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z i £ Iiu n (x(f-f +2 ),k ( t)n L ( , 

P 2 

- 1 1 f ~ f r),2k-f-2 ! 1 L p [x,y ] 
and hence by lemma 0.6.5 


(1.4.6) Z x < (f^p,^)} 

From lemma 1.4.2, we get 

z < M 2 c , . f (2k+2) 

Z 2 - n k+l { 1 1 f h / 2k+2 1 1 L p [x,y] 

which by lemma 0.6.5 implies 


+ 1 1 f T},2k+2 ! ! L [x,y]*' 


d.4.7) z 2 £-^r f^ -C2X+2) o 2k+2 (f, I i,p,i 1 ) + nfn L (I )} 
n •*- 


Also, by the same lemma 


(1.4.8) Z 3 < M 4 “ 2 k+2 *V*p, [x,y] ) . 

Choosing V such that '77 = n from (1 .4.6-8), we get 


(1.4.9) ||U n (f,k,t) - f ( t) 1 1 L , v 

P 2 " 

£ M 6 to 2k+2 (f,H- 1 / 2 ,p,I 1 )+n- (k+1) 1 I f I l L (I ) J. 

p X 

2 k+2 

Since <P e § 2k+2' 1:1 K ^h7 -* 0 as h -» 0 which implies 

that 

t2k+2 o as t -* C 

and hence, from the hypothesis and (1.4.9), we get 

|| U n ( f /k / t) - f(t)|l L (-j- j = 0( <p( n"" 1 ^ 2 ) ) (n - °°) 

p 2 
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which proves the theorem. 

Corollary 1.4.3. Let f £ L ( - 00 , 00 ) (1 < p < 00 ) t 3 s B 00 ' 2 and 

* ® § 2k+2* 

W 2 k+ 2 ^ f/t,P/I l'’ = °^t)> 
implies that 

||Q n (f / k / t) - f(t)|l L j = o ( <©( n"" 1 ^ 2 ) ) (n - «) . 

p^ 2 " 

Proof. Proceeding as in the proof of theorem 1.4.1., we get 


(1.4.10) | |U n (f,k,t) - f(t)ll L 


< M{C 


2k+2 


(f,n'" 1 / 2 ,p,I 1 )+n“ (k+1) l |f| ! l (Ii ) i. 
2k+2 


From (1.4.10) and the fact that t /p(t) 0 as t -»■ 0, we get 

that the left hand sidd of (1.4.10) is of o(<p(n ‘^ 2 )) (n -* 00 ) 
and hence the corollary follows. 

1 .5 0 ( (p) -inverse theorem 

In theorem 1.4.1, we proved that if 

W 2k+2^ flt/P ' I l* = 0( ^-t) N ^ ** 0) then 

1 |U (f,k,t) - f(t)|l T , T x = 0(<p(n -1 ^ 2 )) (n ■+*>). 

n p'- x 2' 

Now, we prove the corresponding local inverse theorem. 

Theorem 1.5.1. Let /3 £ B°°' 2 , cp e .$ 2k+2 and f e L p (-<*>,°°) (l<p<«>) 
Then, 

( 1 . 5 . 1 ) I 1 U (f,k,t)-f(t) l 1 L (I } = 0 (<p(n” 1/2 )) (n - 00 ) 

n p v 1 
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implies that 

(1.5.2) W 2k+2 ^ f /t,p#I 2^ = (t -* 0) . 


Before proceeding to the proof of the theorem,* we prove 
the following ; 

Lemma 1.5*2. Let f s L (— co y oo) (1 < p < oo) and j3 © B with 
' P ” 6 


6 < min ( a 2 “ a i ,k>-i • Then, for any i,j 6 3N 

I I U n ( (u-t) ^ f U (u-w) ^ f(w) dwj t) 


o 


< M n 


.(ktlzk) 


ifl 


L p[ a l /b iJ’ 


L p[ a 2 /b 2 1 


Proof : In view of lemma 1.3.7, for all t £ I^, 

u . 

R = U ((u-t) 1 I (u-w) J f(w) dwyt) 
t 

u 

= U. (X (u) (u-t) 1 / (u— w)^ f(w) dwjt) 

t 

where X (u) is the characteristic function of I-^ . 

Then, for all t 8 ij, 

u 

1 R| < I U (X(u) |u-tl 1+J |/ !f(w)ldwl ft) I . 

t 

Now, proceeding as in the case of the estimate of R in 
lemma 1.4.2, we get that 


I R| 1 


L n d,; 

p 2 


< — T— t- 

2 

n 


'V 1 ! 


and hence the result 
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Lemma 1.5*3 ? Let 3 s B , for some 6 > 0 and m s 3N. Then, 

6 

for f e L («c° ? oo) (1 < p < oo) such that supp f C 


4 2m) C f “ t) 1 l ^ ( , ; 

P 2 


0(n m i 1 f 1 1 L (l2 )) (n - «>) 


Further, if also, f' 25 ^ 1 ^ exists and is absolutely continuous 
on [a 2 /b^ ] and f^ 2rn ^ e L [^^2 J then for all n sufficiently 


large 


|U^ 2 m) (f?t)! | ( , < M|lf ( 2 m) !l L (I j , 

n ij p'- J '2' p^ 2* 


H being a constant® 


Proof % For n > 2m, it is clear that 


l4 2m) (f,t) = I g n (,t-u)> £(n> da. 

**• co g t 


Thus, by lemma 1.3.9, we get 

j- 2m-k 

u^ 2m) (fft) = 2 s l J n 1,+k ; g n ~ 2m c t-uH-h 3(t-u)) k * 

n avni ^. = q v-q ~°° ° 


xf(u) ^,k,m (t - u) du 

where g are certain linear combinations of products or 

j 3 ^ ^(2in> which arG independent of n and hence bounded on HR. 

Nov/, since 3'(0) = 0, for some g lying between 0 and t-u, 
we have ,8 # (t-u) = (t-u) ]3"( £> . Using this, we get 


r 2m-k -i 

u (2m) ( f!t) . 2 ” s 2 y- brr A t-u) * s n - 2m ( t-u) C P"C |) ) ■ * * 


n 


k=0 i* =0 


a(n) 


* £ ( u) 5,A. tH,l,ai 



Using the boundedness of j 3 w and g_. , m on 3 R# 

v / jC / m 


r 2m~k -i 

, \ 2 m L 2 J 00 

TT (.2mJ/„. ,* / M „ aH-k 1 r 0 n-2m/. , k v 

l u n t£Jt)| < M 2 2 n g j- y X 3 (t-u) | t-u | * 

k=0 22 =0 ^ * — co 


x 1 f (u) | du, 

and hence# from corollary 1.3.2# for f s l^C-oo,*?) # 

OO 

X iu£ 2m) (f ? t}| dt 

•"*00 

r 2m~k 1 

2m *- 2 J , 1 00 00 v 

i s S n^ c cT n~2 r nT ^ ^ lu-tl I f ( t-u) i dudt 

k=0 y =0 ‘ —00 —00 

r2 m-k i 

2m L 2 J 22 +k 00 “ 0 , 

= M 1 2 2 1 S l f ( t-u) ! dudt 

K=U V =0 ‘"•OO —CO 


r 2 m—k -1 

2m L T-J 

iM, E E n^ +k n k/2 1 | f | | 
k=0 V =0 


# o°) 


< Mo n I | f | | _ , v 

— O 1 L-J^ —co#oo) 


and hence 


I iup mj (f Jt) | | 


Jj (~oo / oo) — 3 


< M , n Mf! 


L 1 ( ~co # 00 ) 


Similarly# we can prove that 


| iu(2m)( f|t ) | , , . < jyr n m | l f ll _ / v . 

n L^^-ocpoo) — 4 Loc> t -oo,«») 


Hence# by ^Riesz-Thorin' s interpolation) lemma 0 . 6.4 # for 


1 £ p 


( 2 m) f j , . < m c n m | 1 f | | T , * # 

1 n Lp(-c°#<») — 5 LpC-oO/Cc) 


from which the first part of the lemma follows. 



Since f^ m is absolutely continuous/ e L (-00,00) and 0 e B , 

P 6 

we can write 

U^ 2m) ( f ; t) = U n ( f ( 2m) }t) / 
from which the second part of the lemma is clear. 


Proof of the theorem 1 * 5 »1 s Let (x^,y^) , i = 1 / 2 / 3 , 4/5 satisfy 


x„ = a. < Xi < 


*0 -1 ' -1 ' *2 < x 3 < x 4 < *5 < a 2 < b 2 < y 5 < y 4 < y 3 < y 2 

-,2 k+2 


< 


Yl < bf = y 0 e Choose g s such that supp g cz (x^/y^) and 


g(t) = 1 for t s [Xg/Yg]* Let <5 < min (xg-Xg /Yg-y^) * 

in view of lemma 1 . 3 . 5 , it suffices to prove the theorem for 

0 s B.. 
o 

Writing fg = f, we have, by applying Jensen's inequality 
2 k+2 time s 

«y OVj-O P 

1/ ... / U^ 2k+2 ^ (f/k,t+ s' dz l*’* dz 2k+2 1 

00 i=l 

«y y 0 

< y C2k+2)(p-l) if ... s (U (2k+2) ( f #k/ t+ S z.^l P 

o o n i=l 1 

dz 1 ...dz 2k+2 . 

Hence, by Fubini's theorem, for all V sufficiently small 


(r < (2 k+2) min { Xg-Xg #y 2 -y 3 } ) 


Y 


3 y 


j" ... J" u (2 k+2 ) 1 ™ 


2 k+2 


x 3 o on 


(f/k/t+S dz i*** dz 2k+2 

i_l 


P 


dt 


y y 3 


2 k+2' 


< r 


(2 k+2) (p— 1) s / S ' J { up k+2) (f/k,t+ s z . ) 1 p 


o 


o 


n 


±=1 1 


dt dz 1 ••'• dz 2 k+2 



7 U* + 2)p nu (2M) (1 ti|| P 
11 


Thu s t from 1 emma 0 . 6 *1 


| |A^ k+2 u n (f ,k..t) I U - 


< r 2k+2 i iu^ 2k+2 ^ | i 


V*3' Y 3 ]“ " “ L v[*2' Y 2] 


r 2k+ 2 { ) rJ (2M) (£.£ k't) || , 

n 0/ 2k-i-2 L p[ x 2 #Y 2l 




jet r; be sufficiently small (T) < i4(k-fl)} 


x min Cx ± 1 -x.,y i -y i x i) 
0< i<4 + x 


Then/ using lemmas 1.5*3 and 0*6.5/ it is easily seen that 


(1.5.3) | | A 2k+2 U n (f/k/t) | | 


L pf>3' y 3 ] 


= M, y 2k+2 ( n k+1 + 1 ) CO 

1 V T) 2k+2T 2k+2 


( f/^f/P/ [x 3 /y 3 ] ) . 


Next, we show that 


(1.5.4) i!A 2k+2 {U (f/k/t) - f(t)J|| T r = 0( <p(n 2 ) ) (n 

V n L pL x 3 /Y 3J 


After having proved (1.5*4)/ combining with (1.5.3), we get 


Af +2 f(t) | i L [ j< M 2 £<P(n- 1/2 ) x 


x » 2k+2 (f,n,p, [x3,y 3 ])} 



< 2n, and taking supremum over 


Choosing n such that n < V 
0 < r < t, for all t sufficiently small, we have 

“2k+2 (f ' t '?'!>3' Y 3]'‘ 

< h 3 «p(ri) f (~; 2k+2 a> 2k+2 (f / n / p / [x 3 ,y 3 ]M 

which by lemma 1.2.2 implies that 

W 2k+2 (f/t/P/[x 3 /y 3 ] = 0«p(t>.' (t - 0). 

The assertion (1.5.2) follows from the fact that f(ti = f(t) 
for t s [a 9 /b 2 ] . 

To prove (1.5.4' it suffices to prove that 

(1.5.5' liu (f,k,t' - f(t)|| T r „ = 0(<p(n"' 1/2 )) (n - . 

n L pL X 3 /Y 3J 

We prove (1.5.5) by an induction as follows s 

First, we prove the assertion (1.5.5'/ for all cp e 
Next, assuming the assertion (1.5.5/ for all <P s 1 < r < 2 k-l-l, 

we prove it for <f> s ^ r +i * 

Let (p S . Then 
iiu n (fg,k,t) - (fgj (t) l i L ^[x 3 ,y 3 ] 

< | iu ((e(u)-f (tH g(t) ,k,t) | | T r 

n pl x 3 /Y 3 J 

+ | |TJ ( f(u) (g(u)-g(t) i ,k,t) | 1 _ r 

n p L x 3 /Y 3 J 

= IlgCt,' - f(t)Ji lL p [x 3 ,y 3 ] + 



+ iiu n (f(uUu-t) g'U;,k,t) ll L [ X3/ y 3 ] 


for some | lying between u and t 


= + T 2 / say . 

Prom hypothesis (1.5*1), 

(1*5.6) <_ I v I A <p( n . 


To estimate , consider 


R ~ f(u '' g ' U:!)tU] \[^Y 3 ] 

Y 3 

= S |r|~r / (3 n ( t-u) (u-t) f(u) g 7 (£) du| P dt 

x 3 ’' o0 

y 3 co 

- aTnT ^ ^ 3 n ( t “ u ^ lu~t| p |f(u)| p lg / (|)l p du dt, 

' x 3 — 

by Jensen 7 s inequality. -Tow, using Fubini 7 s theorem and 
boundedness of g 7 , 

co Y: 


14 oc J 3 

R < 1 -f 3 n (t~u) iu-ti p | f (u) ! P dt du 


-co X. 


3 


tfi CO 


aTnT 


5 , o n /..% ,..,P 

n 

6 


y 3 


I 0 iI (u) |u| iJ I | f ( t— u) 1 P dt du 


x 3 

y 3 


ll 5 r -r\ ~ 

= co(nT 1 J3 n (u' lu, P / |f(t~u)| P dt du 

~ 5 x 3 

5 n n b, 

- aTn'" ^ 3 ltU ? S 1 |f(t>i ± - dt du. 


the 


Hence, from corollary 1.3.4, 





which implies that 


(1.5,7 } t 2 £ -T 7 2 
n ' 


L p[ a i'h3 


Nov;, <P £ implies that hK„(h^ -* 0 as h -* 0, which in turn 


implies that 


(1 .5 .3' 


t/<p(t) = o(l t (t 0* . 


Combining (1 .5 »6-™G 5 , we get the assertion (1.5.5/ for all 

<P e • Next, assume the assertion (1.5 ®5 : for all <P £ § 

1 < r < 2k+l , Let <?£§,.,« Then 
“ “ r+1 


! lU n (fg,k,t) - (fg.MtMl 


£ I [U n ((fl(u)-f (t) ,)g(t> ,k,t) It 


l 0 [x 3 -Y 3 ] 


+ ! 1 U ( f (u> (g(u? -g(t) } ,k,t) 1 1 

xl 


L p[ X 3' y 3 ] 


«7 V(n ~ /? J+MV (£(u '~ f fl,2k+2 (u) ' * 


* Cg(u>-g(t'>,k,t! M l [ X3 ,y 3 j 


+ " U n t (£ n , 2 ] c + 2 ( u ’- f n . 2M lt -' ( 9 (u ''' s(t); ' k ' t)l1 


L p[ x 3' y 3l 


1 U r. ( f r, , 2 X+ 2 ( tM g(u '" g( tV ’ ' k ' t ' 1 1 L [x 3 ,y 3 ] 


Flo <P(n 


-1/2, 


Z 1 + Z 2 + Z 3' sa ^ 



By lemmas 1.3.8 and lemma 0.5.5 


(1.5.9? 


M c 

Z, < I | f | 


n' 


k+l "L p [x 2 ,y 2 ]‘ 


For some £ lying between u and t 

h = l|U n ((;(u '- f 7 ,, 2 k + 2 (u;)(u ' t ' 3 '(|'- 1 '' t ^l Lp [ X3 , y3 ] 
Proceeding as in the case of above, we get 
(1.5,10> h < K l0 fn- 1 / 2 Mf- 
For some £ lying between u and t. 


Z 2 - l2k-;-l) 


2 }c ( i } / , » * 

! I U ( 2 iid (u-ti X 

i=l * l 


u 


x (/ (u~*w 5 

t 


2k+l j-(2k+2) 

t T) / 2 k +2 


(w> dw),k,t)il 


L p[ X 3 ,Y 3 ] 


( ( 2 k-f 1 ) S) 


72 >> U n 


( g (2k+l) (|) ( u _ t v2ktl 


u 


* {/ (u-w.! 2k+1 4 2 ^ 2 2 (wl dw!,k,t>ll L ^ [x3<y3;) 


2 k-KL 2 j 7 >. / • \ / • ; 

E ™rr I 1 f _ o^o C g ( J ' ( tj 


+ i=! j~l r !J! " x ^ 2 k +2 


xu n ((u^^,k,tM, Lp[x3/y3] 

xnrTrrjf ir 1 1 4(7+2 ( t? * 

* u n ((d-t) 21c+1+1 g l2k+U (5) ,K,t) i 



= R 1 + + ^3 +R 4' sa Y* 

Prom lemma 1.5.2, we get 


(1.5*11' 


‘1 


K, 1 £n 


-(k+3/2) 


-( 2k+2 '' 
■V f 2\+2 1 1 L 


and 


P 


[V^I 


(1.5*12' 

«S J 

i A 

JT f -(2k-.-3/2) Ilf (2k+2). 

J 12 ln 1,f T),2k+ 2 1 

k 



Since E 

c(j,k- 

d . 0 , m ~ 1,2, ...,k. 

1=0 


3 


and 0.6.3 


from lemmas 1.3.3 


(1.5.13) R, < fl!ff 2] £ +1 l 


3 £ n k+l {1 i ^n, 2 k+ 2 M L p [x 3/ Y 3 ] * + 11 f r),2k+2 ! 1 L p [x 3 ,Y 3 ] } 


and 


M 

(1 - 5 - U) R 4 t"4^My vy3] + M£,, 2t+2 ll Lp[!C3 , y3] ! 


Thus, from (1.5.9-14) choosing n such that n < T} 2 < 2n, it 
follows from lemma 0.6.5 , that 


(1-5.15) Z 1 +Z 2 +Z 3 < M 15 {n*" 1//2 0) 


2k+2 


( f,n 


• 1/2 


fPt 


[^♦Yll 


+ n~ 1//2 C0 2 k+l^ f/n "" 1//2/P/ t*l' y l] ‘ 


4- n 


— ( k+1 *: 


Let <P*(t> = 

(ffi (t ! _ (p (t) 

cp‘ ,: ' ( th) 


. Then 

th _ <p(t) 

<p ( th ) <p( th ' 


I i f 1 1 




} 


and hence we may take K^-i/h) = h K<p(h), 



WP 
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which/ since <P 6 $ implies that e <5 . 

r+x - " r 

Hence/ by induction hypothesis 

I IU (f/k/t) - f(t> || T r w -, = 0(<p*(n“ 1/2 ) ' (n -* ooi . 
n L pL x 3 /Y 3J 

This/ in turn/ implies (1.5 .2’, with <p replaced by <p A and 
hence, since I 2 is arbitrary subject only to I 0 (a^,b^' = I^ 1 , 
we can conclude that, for the interval [x^y*] , 

(1*5.16» co 2]c+2 (f/t/D, [x L ,y 1 ]> = o(<P*(t)> (t -» o> . 

Also, since r < 2k-;-l 7 ( P“ s ^k+l* 

Thus, from (1.5*16' and lemma 1.2 .4, we get 

( 1.5. 17 “ 2k+1 (f-t.p, [Xi/yj'. = 0( flint" (t-o). 

Now, from (1.5.15-17'* 


(1,5.18) Z 1 +Z 2 +Z 3 < ly^gCn "* 1//2 cp^Cn™ 1 ^ 2 ) + n" 1,/2 <P' X ‘ (n“ 1//2 ' 


+ n -(k+l) nfl 


L pl>l' Y l] 


Since <P e § r+1 t ;_- § 2]c+2 , 

(1.5.19! t 2k+2 /cp(t‘i ->0 as t - 0. 

Hence, from (1.5.18-19) 

Zi + Z 2 -fZ 3 < <p(n ^ //2 ) 


and hence the theorem follows 



and 


Corollary 1.5.4 ; Let 1 < m < 2 k +2 , <P s § , £ e B°° f 2 

f s L ( - 00 , 00 ) (1 < p < co> . Then 

! |U (f,k,t> - f(t' 1 i (-r > = 0(cp(n 1//2 ) - (n - °y 

1 


implies that 

to m (f / t / p / I 2 % = 0(<P(t) ' (t - O'. 

Proof : Since 1 < m < 2k+2 and <P e $ , <P e § . Hence, 

~~ *•* ™ — — m z Jc-t-z 

theorem 1.5.1, 


C0 2k+2^ /t/P/I 2‘' = 0(<p(t)) (t -* 0* « 

Again, cp & implies that 

h m K^(h) -> 0 (h - 0^ 
which implies, for j = m,m--l , . . . ,2k+l , that 

(1.5.20* K^Ch) - 0 (h -*• 0-' . 

Nov;, lemma 1.2.2 and (1.5.2 0) for j = 2k+l, imply that 
°2k+l (£lt,P/I 2' = (t - 0) 


which by(1.5.20', for j = 2k, gives 

“2k (f '' t/P#I 2’ ! = 0(^PCt>) (t - 0 ;. 

Continuing in this manner, for j = m, (1*5.203 implies that 


G) m (f,t,p,i 2 ' = o(<p(t); (t - 0) 
which completes the proof. 



1.6 o(<p) —inverse theorem 


In corollary 1.4.3/ we obtained that if 


to 


2k+2 


(f/t/P/I^/ = o ( cp ( t' - ' (t ■+ 0) 


then 


| 1U (f/k, t‘ -f(t f | | T / T > = o( (p(n~ 1//2 ; (n •*«>}. 

p u 2' < 

Now, we prove the corresponding local o( <P) —inverse theorem. 
Theorem 1.6.1. Let j3 £ and f £ L„(— < = /<») (l<p<oo) 

— -T--TT- r * n £ KtZ P 

Then 

U n (f/k/t v - f(t)|l L ^ ,, = o(<p(n ' (n ■* «>} 


V 1' 


implies that 


< 1 . 6 . 1 ' W 2 k+ 2 ^f = (t *♦ 0) . 

P roof : Let (x^/Y . ) / i = l,2«3,4/5 be such that x Q = 

< JC 2 < x 3 < x 4 < ^ < a 2 < b 2 < y 5 < y 4 < y 3 < y 2 < y l < b l " Y c 

In view of the lemma 1.3.5/ we can assume that 3 £ B with 

o 

2 v j -9 

5 < min ( ^'' :k 2 ' y 2 ~ y 3 ' ' Choose 9 s C q "" such that 
supp gc (x 4 /Y 4 ‘ and g(t) = 1 for t £ [ *5 /Y 5 ] * Writing fg = f 
and proceeding as in the proof of the theorem 1.5.1/ for 
sufficiently small V , r > 0 / we get 


(1 . 6 . 2 * 


A ^ +2 V?,k,tMl Lp[x3 , y;j] 

< r 2k+2 (n k+1 + -^L 5 -Jo 2k+2 (f < »i,p,[x :3 ,Y3]! 


Next/ we shall prove that 




Combining (1.6.2? and (1.6.3', we get 
| |A y f(t> l - lJ[ 2^ 

+ y 2k+2 (n k ' 1 ' 1 + “2k+2 (f "* ,7?/P, [ X 3^3J * 

r\ 

Choosing n such that n <_ T) 2 < n+l,for all sufficiently small t, 
it implies that 

a 2k+2 (bt,p,[x 3 ,y 3 ] 

< H 3 £K*» + (^ 2k+2 03 2k+2 (f,ri / p^[x 2 ^y 2 ])} / 
which, by lemraa 1*2 *3, gives 

to 2k+2^ t/P/[x 3 /Y 3 ]' = o(cp(t' 1 ' (t -* 0) . 

The conclusion (1.6.1 V , now, follows since f ( t 1 = f(t) for t e I 2 . 

We prove (1.6.3) by induction as in the theorem 1.5.1# 

That is, first we prove that the assertion (1.6.3) is true for 
all p e $ . Assuming that the assertion (1.6.3) is true for 
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(le6»5) ^2k-h2 f-Xj/Yj]' = o(<P'\t)) (t •* oo-' a 

■& 

Since <P S ^k-bl/ lemma 1-2*5/ we get 

(1.6.6) » ?k+1 (f/ t/p # [x 1 j-Y i ] > - o( <Atl - (t -*0). 

No>> (p s <5^_ ( ^ implies that 

1.1 h'i. ^ q as h -* 0 

which implies that 

(1*6*7) +.2 jCt 2/ ( p ( ^ o as t -* 0» 

Combining (1 „ 6 -4«*7) f we get 

Z 1 +Z 2 +Z 3 = o(<P(rf X/2 ) ) 
which proves (1*6.3) and hence the theorem. 

co 0 

Corollar y 1.6.2 s Let 0 e B ' , <P e $ , 1 < m < 2k+2 and 

f e L (—00 . 00 ^ (i < p < oo) „ Then 
P 

I 1 U (f.k/t) - f(t)|| T , T > == oCtpCn” 1 ^ 2 )) (n 

11 ^- 4 / 

Implies that 

w m ( f/t/P/I 2 ' = o((p(t) ) (t - 0> . 

Proof : Since cp S c ' the °rem 1.6*1 implies that 

Q ?k-f2 / t f p/.X 2 •' = o(tp(t» 


(t - 0) 



~>e> 


Ag c in* 9 s implies that 

h lQ IC^h' ^ 0 (h - 0) 

which# in turn# implies that# for j = m#nHT, « • . ,2k+l , 
(1.6.8' h J IC^h) - 0 (h -* O' . 

Taking j - 2 k+1 # in (1.6.8)# from lemma 1.2*5# tve get 

W 2k+1 ( t *» O' 

which# again by (1.6.8) for j = 2k, gives 

(f,t#p,I 2 ' = o(<P(t)) (t -* 0) * 

Continuing in this manner# for j = m# (1*6*8) implies that 


6) m (f#t, P #I 2 ) = 0(<P(t)i 


(t - 0) 



CHAPTER II 


<P -INVERSE THEOREMS FOR LINEAR COMBINATIONS AND 
INTERPOLATORY MODIFICATIONS OF BERN STEIN- 
KANTOROVI TCH POLYNOMIALS 


2 *1 Introduction 

In this chapter we study the linear combinations 

P C*,k / t) and interpolatory modifications P («#t) 

of the Bernstein— Kantorovitch polynomials P n which 

themselves are a modification of Bernstein polynomials 

suggested by Kantorovitch [23] for approximation of 

functions belonging to L [0,1 given by 

C^+l) 

n Tn+lT 

P (f«t) = (n+1) { S p n<y (t' s v f(u)du} 

*=° (TrfD 

where 

(2.1.1) p ny (t> = ( 5 ? t'a-t..^ . 


For any k+1 distinct positive Integers d Q ,.. 
the linear combinations P (.,k,t) of P n (.,t) are 
defined by 


P n (-,k / t> = C ( j , k) P dn (./t> / n £ IN 


where 


k d . 

n — 1- 


C ( j / k) = { 


• n d -“ d - 
1=0 j l 


if k ^ 0 


-A- 


1 


if k = 0 



The interpolatory modifications, P (.,t), introduced 
by Sinha [6l] , of the Bernstein-Kantorovitch polynomials 
are modifications of P ( »,t) by making use of 
the classical Newton's interpolation polynomials. This 
is accomplished by replacing function value f(u) at the 


points / u' by Newton's interpolation polynomial of mth 


degree based at the nodes u , u -h — - -y - u + "y ~ tk • 

n ' " n ' 

Thus, for any fSL [o,l] (1 < p < °=>) , interpolatory 

P 

modifications m (f>t' of order m, of the Bernstein— 


p (f 
n 

;t) are de: 


v+ 1 

_ j/2 

n-i-1 

n 

p ,,(t) / 

J ! 

X\V y 


rvfl 


P n = (n+1 ’ s s p nV (t) f ( n (t-u 

n/m ^ =0 j =0 Jl nV v 1=0 n 1/2 


j " 1 

where n (t-u- -= ■, ■ ■ ■, 
■i — n r-4/ 


x A J f(u)du, 

for j=0 is interpreted as 1 and 


i=0 n ' * 

is recrarded as zero when u > 1. Here and in the 


secruel A denotes A 

n-1/2 

Approximation by Bernstein-Kantorovitch polynomials 
in L— norms (1 < p < «> > has been studied by Lorentz [ 34 ] , 
Butzer [15] , Hoeffding [26] / Bojanic and Shisha [ 13 ] / 

Ditzian and May [22] , Grundmann [24] t Muller [44] , 

Maier [37,38], Riemen schneider [34] t May [40] , Becker 
and Nessel [7,8] and recently by Winslin [ 67 ] * These 
works establish that the optimal rate of convergence for 

-1 

the Bernstein-Kantorovitch polynomials in t -norms is 0(n }, 
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which is also the optimal rate of convergence for the 
corresponding original operators, viz., the Bernstein 
polynomials with respect to sup-norm* 

Ditzian and May [22] obtained local direct, inverse 

and saturation theorems in L -norms in the set up of 

contracting subintervals. Grundmann [ 2A- 3 and Muller [44] 

obtained bounds for the error in L -approximation for the 

P 

cases p=l and p>l , respectively, in terms of the first 
order integral modulus of smoothness of the functions* 

Similar estimates were obtained in weighted L^~ norm by 
Bojanic and Shisha [l3] • Bounds for the error in the 

approximation of differentiable functions have been obtained 
by Muller [44] and Hoeffding [26] respectively. 

Maier [37] proved the global saturation theorem for 
P (*,t> in L 1 [0,1] -norm, which has been extended to 
L [0,1 ](1 < p < oo) by Riernenschineider [54] . Becker and 
Nessel [7] characterised the saturation class of Bernstein 1 
Kantorovitch oolynomials and May [40] proved a modified 
global saturation theorem alongwith a correction term an 
a weighted L [0,1 ] -norm. (1 < p < «*»> . 

Sinha [61] obtained 0(n“ a/2 '' local direct, inverse 
and saturation theorems for linear combinations and 
interpolators- modifications of Bernstein-Kantorovitch 
polynomials in L p -norm (1 < p < -> over contracting 
subinterval s • Recently, Winslin [67] has obtained 



global direct, inverse theorems for linear combinations of 
Bernstein-Kanotorovitch polynomials, in L^-norm Cl < p < oo ) , 
for the order 0(n . 

In the present chapter, ue extend the results of 

Sinha [61 ] to a more general order 0(<P(n for linear 

combinations and in terpolatory modifications of Bernstein— 

Kantorovitch polynomials in L -norm (1 < p < °°) • These 

IP 

results arc also local in nature over contracting subintervals 
In this chapter, section 2.2 contains some basic results 
about the operators P n (.,t), P_ n m (»,t' and P n (»,k,t> 
which shall be used in the later sections® In section 2.3 
we obtain OC^P ^ -inverse theorem for P n (*,k,t) and 
section 2.4 consists of o ( <p) —inverse theorem for P n (.,k,t). 
Similarly, sections2.5 and 2.6, respectively contain 0 ( cp) — 
and o (<?} -inverse theorems for the operator ” 

2.2 Basic Results 

Throughout the rest of this chapter I =[o,l], 

Ij =[aj/bj], 3 = 1 / 2 , 3 where 0 < a.. < a j+1 and b. +1 < b^.< 1* 

T- emma 2.2.1 [35] s Let s e Hi. Then T^Ct) defined as 

n „ 

T (t v = 2 (V-nt> p 

n,s V=Q 

is a polynomial in t and n,- in t of degree < s, in n of 
degree [s/2 ] , where [. ] stands for the integral part 
and p n3> (t) is given by (2.1.1), T n/2s (t) depends only 



on t(l-t) and 


(2s) I 
2 s s > 


( t(l-t) ) 


s 

n with the coefficient of n being 
T . (t) is a polynomial in t(l-t; 


and n multiplied by the factor (l~2t) » 


Lemma 2 . 2 . 2 t Let r be a positive number. Then, for 
t s [ 0/ l ] , 

IT (t' i < Mn^ 2 ? M beino a constant independent 
n,r — ' 

of t and n. 

May [^0] expressed the moments of Bernstein— 
Kantorovitch polynomials in terms of the moments of the 
Bernstein polynomials as follows? 

Lemma 2.2.3; Let m e TO and p(t! - . Then 


P n ((u-t^ m jt) = 


n+1 o 

Xm+D p( t' n+1 


((u-t) m+2 ?t) 


where 


n 

B (f;t) = S p (t) f(v/n) 
n v=0 


and 

P (t' is given by (2.1 .1) . 

Prom lemmas 2.2.1 and 2 .2.3, we get 

Corollary 2.2.4s For m s i, there holds 

P((u-t) m Jt) = Q(n+ljt) 

n ( n+1 ) m X 

where Q(n+l;t’ is a polynomial in (n+1) of degree 
[2~] and in t of degree < m. 



Corollary 2®2»5s Lot r e IN ■» 


Then/ for t s i. 


p n (iu-.ti r ; t: < , 

M being a constant independent of t and n* 

Lemma 2 « 2 ® 6 ([22] ) s Let f s L [o ? 1 ] ( 1 < p < « Then 

l; V £ / t! "l [o,l] - l|f|1 L D [0,l] ' 

Sinha [6l] introduced the duals of the operators 

P as follows! 
n 

Definition 2r2d% The dual operator sequence {P^l of 

{P } is defined as 
n 

1 

P*(f;u) = / K(n,t,u) f ( t) dt 
n o 

where K(n,t,-u N ' is given by 

n 

K(n,t,u> = ( n+1 ' { ^ p n y ( tj X n _ y (u> } / 

X (u) is the characteristic function of 
n v 

(2.2 «1/ i the interval [ ~~rr , — fy) for V =0/1 /•.*,n— 1 

u n+i n-rx 

and of [~7T f 1 1 for v = n ° 

n _ r-L 

The following lemma of Sinha [61 ] gives the order of 
the moments of the dual operator P^ • 

Lemma 2 «2 i Let k s U and u ® T-^ ® Then 

P* ' lu-tl^'u' = 0(n (n -*■ 

n 

uniformly xn u e l^« 
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Litzian and May [22] proved the following 

Lemma 2.2o9s- Let f e L [0,1 ] (1 < p < »], i e 1 °, 

3? 

I- a l # b i ] ‘-I ^ a fh) and X(u) denote the characteristic 

function of [a,b]® Then, for any fixed positive number l, 

! IP„(f(u) Ux— t) ^Cl-XCu) ) ;t) I 1 . 


n 


L p£ a l* b lJ 


0 (n*“ £ ) i | f | 


L p [ 0 ^]" 


The proof of the above result in [22] seems somewhat 
ambiguous- on alternative proof of the same may be given 
as follows s 

With h(n,t,u) as in (2*2.1) , > 0 and 

0 < 5 < min (a^-a, b-b^), using Jensen^s inequality, we have 


P (f (u) (u~t) i (l~x(u) ) ? t) l ! f r , 

n L p L a l' D l] 

b l 1 

— S !/ K(n,t,u) f (u) (u-t) 1 (l-X(u) ) dur dt 
a l ° 

1 

< j / K(n, t,u) i f(u)l P |u~t| :L - P ( l~x(u) )du dt 


a^ o 
b l 1 

< I r K(n,t,u) |f(u) 

3 i C 


P lu-t 


ipH 


.a 


( 1 — X(u))du dt 


- 1 , ip+ i 

< I if(u)!^( / K(n.t,u) ~ — ~~~ ~ dt) du 


o 


^il+1172 ! lfl ! L p [0,l] 


by corollary 2.2*5. Since £ is arbitrary, we get the result. 



The moment estimates of the operators P («/t) were 

n / m 

obtained by Sinha [ 6 l] and are given in 

Lemma 2 #2 *10 Let k £ ffl. Then/ denoting p(t' — t(l-*t) t 
we have 


(i) 


.ax,* 


If k < i, P ((u-t)ht'! 
n / m 

P ((u-ti m+ 1 ;t> = (-l) m 

XI / ill 


= o; t s i 

m 

p ( n (u~t+ — 1 /9 )*t) 

n i =0 n' x 


(-1; 


n+l 

pTTT 


m , q 

{ E a 3 . ( (u-t) m ~’ r '' j t> } 

r =0 r n " rX 


where a '* s are certain positive constants. 


(iii 1 


If k > m+1 


b 

P n ,m ((u " t!k;t) = 5TTT l ^o ^/2 E n+l C(u_t) 


vk-r+2 


Jt) } 


where h *s are certain constants, 
r 

The following theorem of Sinha [61 ] describes the 
convergence of the interpolatory modifications: 


Theorem 2.2.11 Let f S L (l> (1 < p < <=°) » Then 

^ - P 


lim P f = f 9 
n,m 


the convergence being in the space 


L (I v » 
P 


The following two theorems of Sinha [61 ] give an 

estimate for the error in the approximation of functions 

in C ?^ 2 (I) and C m+ 1 (l), respectively, for the operators 

P (f/k.t) and P 
n "4 * n,m • • 



2.2.12 Let f e C 2]<+2 (l)«, Then there holds 


P — f(t) = v> ,-,r -• i, j_\ j;(i) 


n 


n 


2k+2 

E Q ( i / k # t) f' x '(t> 

i=l 


/ “ ( k+1 ) \ r \ 

+ oCn ) (n-*°°) 

uniformly in t s I. where Qd^k/t* are certain polynomials 
in ti 


! 




Theorem 2.2.13 Let f e C (i) . Then 

* 

» 

_ C-l> m Pm + l (t! ^(ro+D 


and 


P n,m (£ ' t! - f(t! " trSTTl 


'■.mth' 11 - f(t) = ° ( ~ GSlT/2 : 


(t) + o( "rifrvh n - w 


n 


(n oo) 


uniformly in t s I, where P m+ ^(t) is a polynomial in t 

f>f degree < m+1 and p - (t) >0 for t in the interior of I, 

* Itl-fX 

The following lemma of Sinha [6l] can be characterised 
Bernstein type inequalities for the operators P ( .,t) 

and W” 41, 

Lemma 2 .2 ..14 Let h £ L (I) (1 < p < °°) have supp h 
Gjhen 

^i; 

and 

( 2 ) 


(E±£.) 

p n m+1) Ch!t?ll L p (I 2 i S. M l n 2 1 |h|l L p (I 2 ; 


( ™+ 1 \ 

p( m+1> (h ?t)ll T ( t \ < Mo n 2 
n,m L ( I „ ) — 3 

P ^ 


;hi i L (I 2 < 
P 
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( m) 

If, in addition, h has m+1 derivatives with h v s jyc C^) 

( rfi-L-l ^ 

and Iv " e L (I ) then 

p 2 


(i' 


i P. 


(m+1) 


n 


(hjt) l | 


W 


< It 


Ih 


(m+1) 


I I 


yy 


.net 


f 4-) 


. \ .TH-l 


L p ( V 


< 


K 4 1 1 h 


(m+1) 


L p < ' Ii: 2 ) 


Fire* it, i =1,2, 3,4 are constants independent of n and h. 

H ext, we give some technical lemmas of Si iha *611 which 
are of use _ai che proofs of our inverse theorems® 

Lemma 2i2.i5 Let h s l (I) (1 < p < and i..j e JN° , 

7 hen for any fixed A > 0, there holds 


(v +1 ) 


(n+l) S fPr,-.(t) |- -tl 1 ^S 1 |u-ti j l 1 l h(w) | dw| dp.} 

V=0 n n __a> t 

( n+l > 


< M{n 


-(i+j+l)/2 ||h| +n"nhll L (I) !, 

Pi P 


where M is a constant independent of n and h • 

Lemma 2.2.16 Let i 6 1 and h e L p (I> (1 < p < ») 
CQ_r any fixed Ji > 0, there holds 


L ( I ) 
P 2 


Then, 


P ( |u.~t| “1 h(u) 1 ®t> 
n 


L p l V 


< m{-4 


n: 


172 nhll yi 1 ) + ; ! l|h,1 L p (i> ! ' 


M beinc independent of n and h. 



Lemma 2 . 2.17 Let j,k,s S K° # 1 < p < « and h e L Cl)* 

“ p 

Then for any fixed & > 0 and for all sufficiently 
large values of n 


n . 0+1 » 

1 | ( n-t 1 ) { S p (t)i^- !u-t! k x 

v -o n n y 

( n+1 ) 


U4- 
x | / 

t 


n 1 / 2 


h(w) ] dw| du}} 


< M{n~ (k ' ! ' j+li/2 | | h| l L (I } -i- n~*| | h| 

P 


l (i 9 ) 

p 2 
L (I) * 

T} 


where M does not depend on n and h. 

We combine the local direct theorems of Sinha [ 61 ] 

for the operators P (*»k,t) and P (.,t) in 
* n f n,m 

T heorem 2«2»18 Let f e L (i) (1 < p < «») . Then, for all 

sufficiently large values of n 


(V 


and 


P (f ,k,t? - f(t)|| L ( V < M 1 ^2k+2( f ' n ** 1/2 ' P/I l ) 

P 2 

-(k+l) f i 

f L ( I) 
P 


n 


(2) llP n,m^ f?t> ’ “ f ^ !l L (I > 

p 2 

M-, * M 2 being constants* 


-Cm+1) 

n 


11 f II 


L (I) * 
P 


_Cx/2 

We conclude this section by stating the local 0(n ' )— 

inverse theorems of Sinha [61 ] for the operators P n (. / k,t) 

and P ( » , t) « 

n*m 


/ 



Theorem 2.2,19 Let 0 < a < 23c+2 and f e L (I) (1 < p < *»> • 
Then 


! 1 P n ( f *fc,ti - fit) i | L (I ^ 

P l' 

implies that 

U 2k+2^ f ^ tiP,I 9' = 0(t a '} 

The orem 2.2 »20 Let O < a < m+1 
Then 


-- 0(n a / 2 >. (n -* °°) 

4 

( t -* o) , 

and f s L (I) (1 < p < «>) 

p - v 


P (f,t) 
n,m * 


f(t> 


L P (I i> 


= 0(n‘ 


*a/2» 


(n -> 


implies that 

“ m+ i = OCt 0 ") (t -> O'! * 


Theorems 2 *2 .19-20 will follow as very special cases 
of our 0 ( <P) -r inverse theorems 2.3.1 and 2.5.1. 


2*3 0( <P) -inverse theorem for P 

By theorem 2.2.18, if W 2k+2 ^1 ^ = 0(<p(t)) (t •* 

then IIP (f,k # t- - f ( t) I i T , T > = 0 (<p(n (n - <») . The 

n ’ ■ W 

corresponding inverse theorem is as follows? 

Theorem 2.3.1 Let <P s § and f s L [0,-1] (1 < p < °=>) « 

— 2 k+2 P — 

Then 

(2 .3.1) IIP (f,k,t) - f{ t) 1 | L /-j. ^ = 0(<P (n } (n 
n P 1 ‘ 

implies that 

(2.3,2) w 2k+2 (f / t^p / l 2 ) - 0(cp(t)) (t - 0) . 



Proof ; 


Let x^y^'s, g and f be defined as in the proof 


of Theorem Then 


.2k+2 

by f(t> 


L pC X 3 / Y i 3 


< 


A| k+2 f£(t.'-P n (f,k,t? }| l L ^ [x ^ /y j 


+ 11 , 


By 2 k+2 applications of Jensen's inequality 


1 1 . ../ P 


(2k+2) 


n 


2 k+2 

(f,k,t+ £ dz^ . . .dz 2k 2 | p 

i=l 


< V C2k+2) (p-»l) jj. #8>J > | p(2k+2) 1+ S z.)| P 

_ _ n * -i x 

o o 1=1 

dz r a,dz 2 k +2 } ° 

Now, using Fubini's theorem, for all r sufficiently small. 


7-3 7 Y ,(2k+2)/5 i* 3. , 2 ? +2 „ „„ ,P 


/ [ I • 9 » / P 


x 3 o o 


n 


+ £ z 1 )a v ..cte 2k+2 .! 

1=1 


dt 


. <y ( 2 k+2 ) p _ ( 2 k+2 ) / 7 , , \ . p 

< t 'HP n (f,k,t)ll Lp[x , ty y , 

where x^ = x^ and y' = Y3 + (2k+2) V . 

Thus, by lemma 0 * 6.1 , for all n sufficiently small 

(as in the proof of the theorem 1.5 


, , A 2 k+2 _ ,7 , , y , , < -,2 k+2 (2 k+2) ,7 . , ) 

tl A. P„,f,k,t,,l Lp[x3 „y 3] <r l!P n (£ ' A ' t} "L p [ X ' 3 ,y :i] 


r n 

< ' y2kh2 {| I P^ k,2 ‘ (f~f T?/ 2k+2, k/t)) 1 ! L p [x^,y' ] 



* » h V 

+ I i^., 


(2k*Pi 


it L *1) -* 


< H, r 2k+2 £ n k+l | i f-f, 


n,2k+2 ll L p [x',y'] 


+ llf n,2M ll L p [x',y'] ! 


by parts 1 and 3 of lemma 2*2*14* Now, applying lemma 0*6*5 


^2 pf *3) 
\ ; / 


A 2k+2 p n (f,k, t > llllp[vy3] 


7 


< M 2 T 2k+2 (n k+1 +- 2k+2 > %,(«.&[%]] 


T? 

The next major step is to show that 
( 2 #3*4) It A 2kfh2 {f(t)-P n (f/k/t) }| I 


L n[ X 3^3l 


= 0(cp(n~” 1//2 ) i C n 


For* after having proved (2.3.4)/ from (2«3?3)/ we get 

H a 21c+2 £(tlll l 5 [ Xj( j 3 l i« 3 «»' 1/J ! 

+ r 2]c+2 (n k+1 + w 2k+2 C? ' 7) ' P '^ X 3 ,y 3^ ’ 

Choosing n such that n < V 2 < 2n. and talcing 
supremum over 0 < T ^ t, for all sufficiently small t/ we have 


0) ( 
2k+2 v 


t.p,[x 3/ y 3 ]) < l4 4 f<?(^+(t/7l) 21 ' c+2 0) 2k+2 (f/T) / p/[x3/y 3 ] 


which by lemma 1.2.2/ gives 

w 2k+2 (f,t, Pf [x 3 /y 3 ]) =0(<P(t)) (t - 0) ■ 

and the conclusion follows since f(t) = f(t) on I 2 » 
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To prove (2.3.4), it suffices to prove that 

(2 o3®5) I |P n (f,k,t> ~f(t)|| T r ,= 0(<P(n~ 1/2 )} (n - ») . 
n L pL x 3' y 3J 

We prove this by an inductive argument as in the case of 
Theorem 1.54. 

First/ we prove the theorem for all <P s . next/ 

assuming that for some r s 1, such that 1 < r < 2k+l, 

the theorem holds* for all S § f we prove the theorem for 

all cp s § 1 « 

rti 

Kence let cp s . Then 


IIP Cfg,k,t) - (fgHt)ll r ] 

p L 3' /j: 3 J 

< I 1 P n ((f (u)~f( t) ) g(t) /k,t) 1 l L j- j 

+ I | P n (f(u) (g(u)-g(t)} ,7c, t) I |L p [x 3/ y 3 ] 
= llg(t){P n (f.k,t'-£(t>}| l Lp [ Xj/ y 3 ] 

+ I 1 P (f (u) (u-t)g' (O ,k,t) ! I T r -| 

n p L 3' y 3J 


for some t, lying between u and t» 

Now*i the hypothesis (2.3.1) alongwith lemma 2.2*16/ implies 
that f 


(2,3.6) l | P n (f g/ k,t)~(fg) (t) | l L j* x ^ y -j < M 5 <itn~ 1/2 }+M 6 n~ 1/2 


Since* ? s ^ * hK^(h) -* 0 as h ** 0. Hence , 



(2,3.7) 


t/<P(t) ■* 0 as t - 0 


Combining (2. 3. 6-7), we get (2.3,5), for all <p e § . 

Hence ,the theorem is proved for all <J> e $ , Next assume 

that for some r s IN such that 1 < r < 2 k-i-1 , the theorem 

holds, for all (p e § , Let <p e § . , Then, 

r r+1 


IP (fg,k,t) - (fg)(t)|l r 

n L pL x 3^3 J 

< M'<p(n 1//2 ) + | 1 P n (f (u) (g(u)-gC t*),k, t) M L ^ j 


< M-gCn' 1 / 2 ) + IIP n (I£(u!-f %2W > 


'u'5 * 


x (g(u> - g(t>>, k,t>: lt, p [ Xj ,y 3 ] 

+ 1 |P n ((£ n, 2 k+ 2 Cu, ~ f ri, 2 k+ 2 (t) V g(u! ' g(t)) ' lc ' t)l 'l (V.,. 

P L O 

+ 1 1 p n Cf r),2k+2 (tKg(u5 - g(t)) ' k ' t):i 

= Mg + z^ !- 2 ,^ -;-z , , say. 

We have, for some g lying between u and t. 


2L < 


P n ((f(u ’' £ il,2W ( ' 1 ' 1)(u " t)g ' (£ ■ ' kst)ll L p [x- 3 .y 3 ] 


< | ! g # 1 | rfT v { £ |C(j,k)|x 

j =0 


* 1 1 P d^ 1 f ^ u) “ f ^, 2 k+ 2 ^ 1 luM;1 ;t ‘ 1 'L^[x 3 ,y 3 ] 


Hence, using lemma 2.2*16, 


- 1/2 


(2.3.8) ?2 — M 7^ n ' ' 7} / 2k+2 ' ' [x^ ,7^] 


, -(k+1 ' _ 

n+n I 1 f I I J / 

J p- 
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Again, for some g lying between u and t 


( f T), 2 k+2 ( u) ~ f r), 2 k+2 ( t} }/ ( g(u) - g( t} } 


2 J' hl (u-t) 1 .(i) f > . 

_ { „ Tl f n>2k+2 (t) + 


i=l 


(2k+l ) I 


u 

/ (u-w) 


1 ,V x 2k+i (2k+2) , 


t 




X { 2 £ A-t 1 , (u~tt 

. . i I g ^ t '-" ‘ 7 9 vli v 


i=l 


... 2k+1 (2k+l) v , 

(2k+i' ! g ^ )} 


k-i-1 2k fi 1 ! ,„(t) 


2 2 

i=l j=l 11:1 ’• 


( 2 k+1 / / .£ \ 2 k J rl o 1 i 1 » *4 / * \ 

-I- -S-/ - — — r - • Ml f y> ( 11 -t) 2k+1+i f * L ‘ / ( +•) l 

T2k+1) j t n,2k+2 [Z ' t 


1 c 2k g^'Vt) / i r U , > 2k+l £ (2k+2) 

+ T2k+lT! i! £ (u-w,- f T) / 2k+2 w ‘ ^ v ' ‘ 


+ 


((2k+l0 l) T 


{g(2k+l)(gj( u->t ^2k+l j ( u « w )2k+l f Uk+2) ( w > a y| 


Hence 


(2*3.9) 2^ < + Rp + Rj + R^, where 

2 k+1 2 k 1 r . \ C • % 

^ n3T"^,2k + 2 (t) s (t5 


P ( (u-t) 1+2 Jfk, t) ' | 1 T r „ v 
n L pl x 3' Y 3] 


1 2 k+1 >] ( . >. 

R 2 = Uk+lT 1 - { +]_ IT 1 1 f l 7 , 2 k+ 2 (t) 


P 


n 


((u-tl 21c+1+1 g (21C+1) (S),k,t?U L [x 3 ,y 3 ]! 
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TmUi MP n ( „ S (t) (u-t) 1 ^/ Cu-w) 2k+1 * 

i~l t 


( f (u~w) 2 £^ 2 2^2 ^ ^ * 1 L [x 


3^3] 


R -1 _i — ||P (g (2k+1) ({)(u-t) 21c+1 x 
4 ' ((2k-:-l>! } 2 n 


M ' (u - w ' 2k+lf ^2k+2 (w)dw) ' IC ' t)ll L p [x j ,Y 3 ] " 

k _ 

Since S C(j / k)d. m = 0/ m=l,2 , • . o ,k/ it follows 
j =0 3 


from corollary 2,2.4 and lemma 0.6.5 , that 


M 

.3.10) I 1 f ^2ki-2‘ l L - [x^y/ 1 1 f n,2k+2- 1 ! L [x 3/ y 3 ] 


Similarly,. 


, 0 > 11, -n < __ 9 _ n , £ (^k+i) 

1 ‘ 1 -V) OVjlO 


k+l 11 |3 ’T) / 2k+2 l ‘L [x 3/ y 3 ] +1 lf r| / 2k+2 1 l L p [ x 3 ^Y 3 ] n 


By lemma 2.2.15 upon taking &=2k-i-2, 


C2.J.13( R 3 < M 10 £n- (k+J / 2? llf“l 1 L ,Y 2 ] 


• ( 2 k+2 } , , ,(2k+2) 


'Vt 2k+2 L (I) 


(2.3.141 R 4 iMii:n _(2k+2) ll f n 2 2k+2 l, L p [x 2 .,y 2 ] 

P 



Choosing n such that n ^ ^ 2 2n, it follows from 

(2*3*10-11) and lemma 0.6.5 that 

tjh - M 12 !n ” 1/2 “2k+l (f ' n "’ :t/2 'l?'[ x l' Y l] + P 
R 3' R 4 i M 1 3tn' V2 B 2k+2 ( f ,n- 1/;! ,p,[x 1 ,-/i]) + n 
and hence from 2*3.9, 


-(*+!) , . *=, 

* 

t 1 1 -Li 

‘l (I) 


p 

r (lc+1J ,if, 

V 1 ’ 


(■2 #3 ^15 ’’ Z 2 < M 14 £n 1//2 o 2k .,. 2 (f,n“'' 1//2 ,p, 

' * \ 

* 

+ n” 1//2 m 2k+1 (f^n"‘ 1//2 ^p / [x^yj ) 

+ n~ (k+1) nfll L , > K 
P 

Also# from theorem 2.2*12 and lemma 0*6,5 
M 

(2 V 3 - 16) 2 3 " f "L (!>• 

* n p 

Hence# from (2*3.8), (2.3.14-15), and using again lemma 0.6 o5 
we get 


(2.3.17) 


W z 3 i K 16 l*- l/2 * 2yL+2 <.f,n- 1/2 ,P,lx 1 ,y 1 ]) 

* n^ 1 ^ 2 u 2k+ i Cf / n~ 1 ^ 2 ,p / [x 1 ,y 1 ] } + n ' l 1 f ! I L (jp 


Now, defining <P''(t) 


<p e $ 


r tf 2k+l 


<P( t) 
t 


we observe that 


Also, we observe that 



Hence, by induction hypothesis. 


(2«3|18) W 2k+2^ f ‘ ,t/P ^ x l /y l^ = 0 ^ Cp *^ t — ^ ^ "* 

which, from the fact that <P* s $ 2 ]oil an< ^ l errima 1*2.4, implies 
that 

(2«3gl9: <*> 2]CT i(f.t.p, = 0(<P*(t»' (t - O'!. 

Hence, from (2.3.17-19) and the definition of C P , we geo 

Z 1 +Z 2 +Z i < M 17 {9(n"’ 1 ^ 2 ) + n "^ lc+1 M I f ! S L ^ I} J 

t -2k?2 

which proves the theorem, since the fact 0 follows 

from the fact that s ^2k+ ° * 

Corollary 2.3.2 Let 1 < m < 2k J ,-2, <p e an< 3- 

f s L [0,1] (1 < p < °°> • Then 

HP n (f,k,,t) - f(t)ll L (I } = 0(<p(n“ 1/2 )} (n - «>) 

p 1 

implies that 

0 (f,t,p,I 0 ) = 0(<p(t)> Ct - 0) . 

m 1 2 

Proof Follows as in the case of corollary 1.5.4. 

Corollar y 2.J.3 Theorem 2.2.19 
Proof c P(t> ■= t a s * 21c+2 * 

2 s 4 o(<P) inverse theorems for P n («,k, -■ 

Theorem 2.2.18 implies that, if 

W 2k+2 ^ = ^ "* 0/ 



'Then 


1 1 3? n ( f t) - f( t) | | L , .j. ^ = o( cp(n 1/ ' 2 ) ) (n •+ °°} > 

p 2 ' 

Correspondingly , we prove an inverse theorem for oC^P) • 

Theorem 2,4*1 Let <P £ and f e L [0,11(1 < p < °°> „ 

~~ — l k-t 2 p- J ^ 

Then 

1 i P (f*k,t) - f(t) I | / T v = o(cp(n'~' 1/ 2 ) }■ (n -* °°) 

U I1 JLi \ J * Jl 

p 1 

implies that 

(2.4*1* a) 2hH-2''^ / t<rP,I 2' 1 ' = ° ( t) ) (t - 0} . 

9 V 4.2 

Proof Choosing (x^.,y^) , i=l ,2 , 3,4,5 ,g s C q and 

fg = f , as in the theorem 1,5.1 and proceeding as in the 
theorem 2.3*1,, for sufficiently small V , T > 0 / we get 

(2 *4 * 2 ) i ! Al “ P ( f /k/ 1) | 1 - r I 

7 n ^pL x 3' Y 3J 

< M,2 k+2 (n k+1 + i 21<+2 )» 2k+2 (*^-p- k 3 .y 3 ] • 

Next, we shall show that 

(2 .4 *3) ! | A^ J<+2 { f ( t) **P ( f , k, t) } | i T r f o(<P(n~ X / 2 )) (n-»~) . 

7 n L p L^ 3 ,-y 3 j 

After having proved (2*4*3), we define ^(t) as follows* 

I | i 2k+2 ff(t)-P n (f,k,t)}H^ [xj/y3] 

if x ~ n X//2 for any n £ 3N 
iKn~ 1/2 ) if x s ( (n+l)~ 1//2 / n~ 1/2 } 


( 2 . 4 * 4 ) ^(x) =5 

L 


for any n •; 
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Clearly ^(t' 1 = o(<P(tH and hence combining (2«4.2-*4), we get 


IIAf + 2 f(t)|l L . ^ <_n 2 lHn' 1/2 ) + r 2 * + 2 (l l +1 +-2^2-;. x 


* “2k+2 (? ' T, ' p '£ X 3' y J ) - 


Since this holds for all t sufficiently small and v < t. 


choosing n such that n < V < n+1 , we get 


“ 2k+2^ tj,p ' f x 3 /y J " 

+ (~} 21<+2 w 2 ^ +2 (f,r),p,[x 3# y 3 ]) 1, 
which,, by lemma 1 .2*3/ implies 

<i) 2k+2^ / t/P/ [ X 3 #Y 3^ = o(cp(t.U (t - 0> 
and since f = f on Ij/ we get 

G> 2k+2 (f/t ' P/I 2 ) = oi<P(t>) (t - OU 

Hence, to complete the proof of the theorem, wo are left 
to show that 

(2.4.5> l|P n (f,k,t' - f(f| l Lr) [x 3 ,y 3 ] ~ o((p(n *' 1/2j 5 (n " cpK 


We prove this by induction as follows s 

Firsts we prove the theorem for a. 11 cp s ® Later/ 
assuming the theorem for all <P £ § r (for some r such that 
1 < r < 2k-5*l) / we prove the theorem for s ^ r +i* 
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Lei; <P s « Then , proceeding as in the proof of theorem 

2.3.1 and using the fact that t/<P (t' -» 0 as t -+ 0, 

I I P (fg,k,t'‘ - ( fg; ( t) l l T r , = o((p(n" 1//2 } ' (n - «>* 

L p i_x 3 ,y 3 j 

and hence the theorem is Droved/ for all (p f . 

Now/ assume that for some r £ 3N such that 1 < r < 2 k+1 , the 

theorem holds for all <p £ $ , Let <p £ 1 . Again, proceeding 

IT 3Tt-l 

as in the proof of theorem 2.3,1 and choosing n such that 
~2 

n < V < n+1 , we get 

(2.4.6! I 1 P n (fg,k,ti - (fg>(t)|l L r -, = Z 0 +Z l +Z 2 +Z 3 

]0 •- 3 3 - 1 

where 

(2,4,7^ Z o rr 1 1 g( t>! {P (f/k/t) - f(t)Jll L r x y 1 

pL 3 " ^3 

= o(<p(n ' (n «■'!' 

and Z X ,Z 2 ,Z 3 are as before and get estimated as follows : 


(2.4.8> Z x +Z 2 +Z 3 < M 2 {n~ 1//2 w 2k+2 




' 1/2 ., (£ ' 
6> 23c+l'‘ t#n 


" 1/2 /P/[x L ,y 1 ]) + n~ (k+1) n fl 1 L ( X) .<. 

P V 


Now c p* = ^ e $ r c $ 2 k+l and we can wr±te 


I Pq ( f * k g t) “* £ ( t * i 1 £ j ^ J 


oi ^ HrT 1 ^ 2 ) 


Hence/ by induction hypothesis 
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^2k+2 ^ ^ ' t/P* [ x i ] ) = o(®<P' v (ti« (t ■* O'* 

cinci. uy Isrnms. 1*2*5/ ws 

(2.4. 10^ “ 2 k+l^ f C X 1 'yj ' = o(<P*(ti,' (t-01. 

Again, c p e c. § 2 k+? implies that 

h K cp^ h ’' 0 as h - O 

which implies that 

(2.4.11i t 2k+2^^ t ^ -v o as t -> 0, 

Hence, combining (2 .4.6-11 we get 

Z o +Z l +Z 2 +Z 3 = o(cp(n“ 1/2 ) v (n - 
and the theorem follows. 

By theorem 2.4.1 and a recursive use of lemma 1.2.5, we 
get the followiing 

Cor ollary 2.4.2. Let f s L [o,l] (1 < p < °°> and m e IT be 

such that i < m < 2k+2 . Then, if <p e § . 

— — rrr 

IlP n (f,k,t* - f(tM l L (li> = o(<P(n- 1/2 V. ( n - =°> 
implies that 

W m (f,t /P ,I 2 ^ - o(<P(t)> (t -> O' . 

2 «5 0 (<P)-inverse theorem for P m (.,ti . 

n,m 


Theorem 2.2.18 implies that, if 



b b 


then 


! = 0(<P(t)) 

1 |P n,m (f ' t,-f(ti ' 


W 


( t •* oj , 

= 0(<p(n " (n *+ °°) • 


Now, as in the case of P n (f # k#t'« we prove the corresponding 


local 0 ( cp > -inverse theorem for P (.,t'. 

n/in 

Theorem 2.5.1. Let 9 e § and f e L^(l! (1 < p < ») . Then# 


P 


p n,m (f;t ~ f < t! " L (L.) = 0(<P(n- 1/2 )) (n 

ft. P 


implies that 


CD 


m- 


+ 1 ( f / t / n / I 2 1 = 0 ( cp ( t) : (t - 0 ! 


Proof s Choosing g e C® 4 "^ / i = 1/2 and f as in 

the proof of theorem 1 .5 .1 and proceeding as in proof of 
theorem 1.5.1# we get 

1 1 A V +1 P n m (?;t) "l [x v 1 

\ n ' m L pL x 3 /Y 3J 


n # m ^“^ri#m+l / ' c M L [x^#y 3 ] 


< { i j p1 iu : x - s (f-f„ ^ ft' 


,(m+l) 
"n 


+ 1 1 P " 1 j L p [x 3 #Y 3 ] } ’ 


Now. for sufficiently small T , r nx>, by lemmas 2.2.14 and 0.6.5 

f 

"C 1 *»,»<*'• w 

< ■y m+1 { n ^ m ' l ' 1 ' > / 2 | |f-f 

m+1 

+ 

rP 


.(m+1 ) 

i+ I I f „ _,i 1 lx r._ .. i ? 


77# m+l 1 1 L [x 3 , y 3 p 111 77/ m+l 1 1 L [ x^yj 


< r m+1 (n 2 +-LJJ) % + 1 (fV,plx3,y 3 ]' 
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Again, proceeding as for theorem 2.3.1, we are left to show 
that 


(2 .5 ©1'' ||f(t>-P (f;t)|| T r = 0(cp(n~ 1>/2 ) ? (n-»°^, 

n ' pl x 3' y 3J 

which wo first prove for cp s and then cp £ § ^ assuming the 

result of the theorem for cp £ § l < r < n u 

Let (p £ « Then, for some | lying between u and t, 

1 ! p n,m^ fg?t ' ~( f g''(tMl 


L p[ x 3'y 3 ] 


- 1 / 2 , 


< h 3 <?(n *' “■ -M | P^ ( f (u> (u-t> g* (§ ) ft- \ 

^ Ujfin 

A typical component of 


L ph 3 'y 3 ] ' 


Z = p n ,m C£(u) (u-t! 
can be written as 


T^t* = c n^ j~r~i>/2 j. K (n,t /U ) (tr-uj 3’“ r ~ 1+1 x 

o 

x f(u -i- ~y/ 2 : ' du ' 

n' 

where i,j,k,r £1'/ 0<j<m, 0 < k < j, 0 < r < j— 1, i = 0,1 
lies between u + k/n 1//2 and t , c is a constant and K(n,t,u3 
is given by (2.2.1) t 

Now, from lemma 2,2.16 and the fact that t/(P(t) -* 0 as t -» 0, 
we get that 

"V2-. (n 


[x y ] i m 4 


oo> , 


P’ 


whic.h implies that 
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1 1 21 ! L o [x 3 ,y 3 ] - M 5 (n - oo) . 

Hence the theorem is proved for all <p e § . 

Ho w, assume that the theorem is true for all <P s § 


(1 < r < m' - Let <P 


lP n / m (fg?tl, * (f 9 } 1 >t. „ 1 < M* <P(n~ 1/2> 


®r-;-l * Then 

■SC*3' y 3] 1 “ 3 


' + Z l +Z 2 +Z 3 


where 


h = liP r,,rr, C(f(u '- f n,m+f' lK 9 (u) -9 (t))jt)ll L r) [x 3/ y 3 ] ' 

VV’-L 


P n,m ((f n,ra + l (u) - £ T ,, m -H 


C tj ) CgCui-gCt) ) ft) 1 !• 


and 


Z 3 = llP n,m t£ f),m + l (t)( 9 (u> -9 (t ''' -t>ll Lp [ X3 ,y 3 ] 
By theorem 2.2*13 and lemma 0.5*5 • we get 


-( 


m-i-1 % 


Z 3 i M 6 n 


f! l L p (l,I * 


(2.5.2' 

For some § lying between u and t, 


(2,5.3) \ - I I p n,m ( ( £Cu ' ' f *1,ir,+l (u> 5 (u-t: 9 ' <S ’ !t! 1 1 L p [ x 3 'y 3 ] 

A tyoical component of 

P ( (fCuJ-f-, , . ( u ) ) (u-t) g'(§) ft) 
n / m Ti t m+l 


can be written as 


T 0 (t.' = c n 


( j-r—i) /2 s K(n / t / uUt-u) j “ r “ i+1 


* ( £ C U +T 72 ! "h,m + l lu + ^72 U g ' (E P du ' 
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where i,j / k / r e® 


-,o 


; lies between u -i- 
given by (2 ,2 ,1 ' , 


'OiJ'lm, 0 < k < j, 0< r < 1 = o,l 


n 


T7 2 and ^ c ^ a scalar and K(n,t, 


U / is 


Proceeding as for T 1 (t') / 


I I To ( t ) | ! . 


we get 
- 1/2 


P 


[x, ,y 1 i rI iCn' ' \ \ f-f. || r 
3 Y 3 J 1 [* 2 ,y 2 ] 


and thus from ( 2 . 5 . 3 ) , 


Z 1 1 Mg fn" 1/2 I l f-f 


+ n ! 1 I ' L d)i 

P 


’l- m+ l"Lp[ X 2 ,y 2] +n" ? llf-f^ m+ 1 ll L (7 )j 


Vprlying lemma 0.6.5 


,2.5.4b Z 1 < IlgCn 1/2 W m+1 (f,T) /P , [x^yj? +n 
For some £ lying between u and t. 


1-1 ™ £ 1 |f| >L (I) 

P 


.2.5-5) Z„ < 
zhere 


2 ~ R 1 ' : ' R 2 + R 3 +R 4 


m m»l 


^ i=l i=l g^ ; (t?P 0 ^ in ((u-t) 1+ Jyti | | 


(j) 


3 


V X 3 ' y 2 X 


1 f 3 ) 

*2 = 1 ! f Tbm+l (t) P n,m ( (u-t) m ' r;L g (in (£ > ;t) | | L [^yj }, 

R 3 ” mT ^ 'n Mg U / ( t ) fP n ^ m (( u - t) i * x 

x(S (u-w) m f ‘ 
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Uu7'" Pn ' m(9lm <S>lU_t ' r " t (U ' W>r " 4?m+l (w ’ dw ' t)| l L p [x 3 ,y 3 ]' 

, j-1 

After expanding A J and n a typical component of 

i=0 

P n,m^ ^ 4^+1^ dw * ?t ’ ; 

can be written as 


(2.5,6 T^Ct 1 = c n 


(e-k^>/2 r Tr( , ,/ . s 0 (m^/. 

j IC(n / t / u (u-t ‘ g (g > x 

o r 2 


(u " w + g72 ]m f( Cil (wldw} dU/ 


where T^Ct) = T^(t, j /ir^ , r 2 / r^) , 0 = j+r^-r-^ , 0 < j < m ; 


0 < r-i < 1—1. 0 < r 0 < 1/ 0 < r 3 < k, £ lies between u -!- —sr^ 

- 1 ~ ~ 2 - - 3 - s r 2 n 1 / 

and t/ c is a constant and KCn/t/U 1 is given by (2.2.1 1 . 

Let X(u : be the characteristic function of [c,d] where 
x 2 < c< x 3 <y 3 < d<y 2 » Then 


(2.5.7* To ( t' =To-,(t’ + To,(t^ 


where 


T 3i (t; = c n 


(9-k.i ± o 

z {/ X(u- K(n / t / u.' (u— t' u g m, '(| * * 


x c; 

t 


JO 

( u~w + -TTo^ m f rs^m+1 ^ w} dw * du * ' 


and 



T 32 (t> 


= n (6 ' k!/2 !/ ( l-X(u)! K(n,t,u) (u-t;!® g (ra) (5 ' * 

o r 2 


U 4- 


T72 


T1 ‘ 3T 

x IS (u~w + dw * d-u}. 


t 


n 


It is clear from lemma 2.2.15 that, for sufficiently large 
values of n 

**10 _-(m+l-> 

Tj p[^ 3 /Y 3 ] “ n "(k+ni+i)/2 11 1 1 L p [x 2 f y 2 ] 


1 I T 31 (t' i ! 


Proceeding as in the proof of lama 2 .2 49,, for any ^ > 0 and 
for all t s [x 3 ,y 3 ] , 

it ( +- v i < | i 

[i S2 {t 1 - £ T?,m+1 L (I’ 

n P 

and hence 


M. 


< 


'h2 (t '"L p [>3,y 3 J - n t 


12 , , -(m+l) 


If 


?l,m+l n L T) (l* * 


Thus, from (2*5*6— 7. , we get 


T 3 (t> 


L n p3-Y 3 ] 


x * — (k+m+l)/2 _(nH-l,5 

i hfn l|f T,,m+l U L p [x 2 ,y 2 ] 


- Jl . . ^(m+1) 
n 1 U h,m+l n L D (I 


>> 


which, by lemma 0*6*5, implies 


u 


1 1 P n,m (g(m ' {b] ^ u - w ' m f T)?m+l (w ' dv7 ' ,fc/ 1 1 L p [V Y 3^ 


< 


M 13 {n" (k+m ' rlV2 n“ (m+1 '' 0) m+1 (f,P,p / [x 1 ,y 1 ]' 


+ tT £ 7]“ (m+1 ' llfll L (x^ 
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Thus* 

( 2 ,5 . 8 ) 


/m+2 , 

p ■ ^(m+1) 


R 3 £ M 14 {n * V ' Q m +i( f * V 'P* ) 


« -.(m+l 1 * 

+ n T) Hfj 


'l C-« j 

D 


and 

(2 .5 .9' 


R 4 £ M i5 


_ ^ 2 m-rl ^ 

^-(2m+l U m+1 (f,n, P ,[x 1 »y 1 ]i 


- Z —( m+1 ■ 

+ n * (t)£ 

P 


By lemma 2*2.10 and lemma 2,2.2,. 
m m-1 


h i yi+r >72 " £ ^£i"L p [x 3 ,y 3 ] ! ' 

where the summation is taken only over those i,j's which satisfy 
i+j > m. Thus* in conjunction with lemmas 0.6.3 and 0.6.5 


M. 


(2.5.101 Rj. < ,[*2'Y 2 ]> 5- 


n 


( Xu ~ ra, _ > 
V 2 


1 f 1 1 L (I>* 
P 


A typical term in 




can be written as 


TAt> = c n 0'+^-r-m-i}/2 s K ( n/t#u j (§ o >, x 


(i\ % 


o 


X (u-t? j+k ~ r du , 

where O^j^npO^rj: j~l,0 < s < j, 0 < k < m+i, lies, 
between u + 3 -nd t j c is a constant and K(n/t*u,' is given 


n 


T/2 


by (2.2*1) 
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Now f from corollary 2*2.5/ for all t s [x 3 ,y 3 J, we obtain 




Con secruen tlv , 


% < p 9 £ S 
1=1 


(m+i'/2 , 1J= (i 


f ri,m+l ! 'L D [x^y 3 ]' ” 


Again, applying lemmas 0.6.3 and 0 . 6.5 


(2.5.U’ R 2 < ‘n^r/2 + Mf!1 L (l) } 


Choosing n such that n < T) < 2n and taking it ~ m+1, 
from ( 2 ^5 r 2 1 / v 2 *>5 < and (2*5 *8 ’"•if * / wo got 

(2.5.12; Zi-i-z 2 +z 3 £ Ki 2l {n "* 1/2 “^(f/^^/P/ [x L /y 1 ]) 

-I- rf 1//2 0> m ( £ J rT 1/ ' 2 ,Vt [xj_ /yj ' + n i|fli L ^ T >1. 

P 


Let <P w (t) 


. Then s $ r <Z and 


l|P n,m (f ' t! - f(t ' !l L p (I 1 ) 


0( .’tn i (n - =°) 


Hence, by induction hypothesis. 


(2*5.13' 0) (f,t,p, [x^yj) =0(<P'*(t}) (t -> 0) , 


which, by lemma 1.2.4, implies that 


(2,5.14} a (f,t,p, [x 1 /Y 1 ]} =0(<P'' r (t)} (t-0). 


Hence, from (2.5.12-14), we get that 
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(2.5*15) 1 2 l’'" 2l 2 +2 '3 < M {n <p* (nt^ 2 


+ n~ 1//2 <p*(n~ 1/2 ) 


»( 


m-HU 


+ n 


MfM L (l>* 

P 


Now,, since <P e § r+1 c $ m+1 # we have 


h J 


rtH-1 


I<(p(hP •* 0 as h •* 0 


which implies that 

( ; 2 .5 ,16) t m+1 /<P(t) ■* 0 as t - 0, 

! V 

*• , Hence f from (2 ©5 ®l5-tL6) $ we get that 
Z 1 +Z 2 +Z 3 < M 23 <p(n~ 2/ A 


and hence the theorem is proved?, 

gQ^ PA ^aq/ 2.5.2. Let f S L p [o,l] (1 < p < «) , r s® be sucn 

i 

that 1' < r < m-HL and c P e § . Then 

1 lP n ,m (f;t ' ; ' “ f A) I I L (I j = OCcpCn^ 2 )) (n - °°) 

P ^ 

implies that 

u r (f,t,p,I 2 > = 0(cp(ty\ (t - 0) . 


Proof . Follows along the proof of corollary 1 .5 .4 . 

GG 

Since <p(tj = t s $ for any O < a < m+1, we get 

Corollary 2.5.3. Theorem 2.2.20. 

2.6 o(9) -inverse theorem for P (*,t' 

n / rn. 


Theorem 2.2.18 implies that, if 

U m-:-t f ' t/ P'Il ) = °( <p ( tJ 1 ( t -* G) , 
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then I.P n>m (f;t' - f(t),| = otWn' 1 / 2 )! („ 

2 * 


The corresponding o(<P)-i 


inverse result is 


Theorar, 2.6.1. Let f e L p [o,l] (1 < p < »> and 9 £ 5 ^. Then 
IIP - f(t)ll_ , . = r- . 


I|P n„m (f '’ t? - f ^Ml L (I , = o(cp(n*~ 1/2 ) ) ( n - «) 

1 

implies that 

(2. 6 d) ^m+1 ( t^p^Ig) = o(<P(t}) (t ■* 0)o 

Choosing (x i /Y i > , i - 1 to 5 , g s C 2:k:+2 and f as in 
theorem 1.5*1 and proceeding as in the proof of the seme 
theorem, for sufficiently small V f y > o, we get 


’ m (f 1 1 ) 1 

C p [x 3 ,y 3 ] 

n,m ' 1 

m +1 

/ l+1 (n 2 

+ jn+l > 


Next step is to prove that 

(2 o6*3' | |aJ +1 {f(t) - P n (fftWlU p*. __ n = oi^irT 1 / 2 } ) (n t «>) r< 

r n,m L p L x 3 /Y 3J * 

After having proved (2.6.3),, we define ^ ( t) by 


1 |A^ Jrl {f (t)-*P n ^ m (f;t) }| l 


(2*6 *4) =f 


- 1 / 2 * 


if x s ((n+ 1 ) 


L P C x 3'y 3 ] 

• 1/2 - 1/2 


if x = n 


n ' ) for n = 1 t 2 


Clearly tf> (t) = o(<P(t)) (t -» 0 ) and 
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1 iA 5 ?' 1 * 1 f(t) | l. L [x 3 # y 3 ] i M 2 C t ( n” 1/2 ) 

m +1 

+ T m ^( n 2 + 4) m+1 (f,n,p,[ X 3,y 3 ]) ■ 

Since this holds for all sufficiently small V , choosing 
n such that n < V < n+1, we get 

t,p,[x 3 ,y 3 ]) < M 3 {iHV) + (t/f )' m+1 u m+ 1 (f r t,p,[x 3 ,y 3 ])} , 

which by lemma 1 * 2 * 5 / implies that 

[X 3 /Y 3 ]) = o((p(t)) (r - 0 ). 

The conclusion (2*6.1) follows since f(t) = f(t) on * 

Now we prove (2.6.3) by an induction, as before. 

Let S § ^ . Then, for some £ lying between u and t, 

T - 1 IP n,m (fg!ti - CfsUt) l | L p [x 3 ,y 3 ] 
i llP n, m ((f(u) ' fCt) ' g<t> ’ t 1 |l L p [ X 3 ,y 3 ] 

+ ' 1P n,m (f(u) I l Lp [x 3 ,y 3 ] 

= {P n.m (£ft) - f(tJ!ll L p [x 3 ,y 3 ] 

+ HP ntm (f(u> Cu-t)g'(5);t'll Lp [ X3/y3] • 

Thus, 

(2*6.5) T = o(<P(n“ 1/2 )) -I- l|P n/m (f(u)(u->t)g'(g),*t)ll L £ 

poo 
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' 1 P n/n/ f ** /j ^ = o(cp(n 1//2 > } (n -* <»} 

p v 1^ 

implies that 

w r (f /t,p,I 2 ) = o(9>(t)i (t - 0 ). 



CHAPTER III 


<P -INVERSE THEOREMS FOR LINEAR COMBINATIONS 
OF GENERALISED MULLER'S OPERATORS T^ 

3.1 Introduction . 

In this chapter we study the lineer combinations T^(.,k,t) 

of the generalised Muller's operators T-(.,t). These were first 

A. 

introduced and studied by Kunwar [32] and include several 
well-known operators as particular cases. The operators T\ 
are defined as follows : 

A non negative measurable function on 3R is said to be 
an admissible kernel function if 

(1) G(u) is continuous at u = 1, 

(2) for any 6 > sup G(u) < G(l) 

I u-1 | > 5 

~ 8 1 0 2 

and(3) there exist 0^,0 2 > ® such that (u + u ) G(u<« is 

+ 

bounded on 3R . 

We denote the class of all admissible kernelsby T( IR + ) . 

By T^C IR + '' , we denote the class of all G s T( IR ) which are 
infinite times differentiable in a neighbourhood of ' 1 ' and for 
which G"(l) ^ 0, Also, for any 6 > 0, T 6 denotes the class 
of all G s T^C IR + ) such that supp Go (1-6, 1 + 6) and G is 
infinite times differentiable on (1-6, 1+6) . 

Let G S T( 3R + ^ and a s ®. Then, for X , t e , we define 

CC-1 ~ . 

(3.1.1) T x (f;t) = Tx /CC (f/t) = £ u G (t/u) f(u) dU/ 
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where 
(3.1 .2) 


CO 

a(X) = S u a “ 2 g a (u) du. 


whenever the above integrals exist. 

Our primary interest in this chapter is to deal with 
T X f, with the kernel G e T^( ]R + ) and f e l ( JR + ) (1 < p < „) . 

+ P “ 

For f e Lp( 3R ) , for all X sufficiently large, f e l ( 3R + ) . 

The following well-known operators are particular cases 

of the operators T. . 

A 

1 * The Gamma operator of Muller [4 3] defined by 

, n+1 oa _ 

G n (fjt) = J u e~’ ut f(~) du, 

o 

is a particular case of Tx with kernel ue"* u , a = 2 and X = n. 


2 . 


-1 _ “1 

With kernel u e" u , X = n and a = 1, the operators T 

A 


become the modified Post-Widder operators [ 39 ] defined by, 
,( f }t) 


nu 


n 


1 ,n v n p t n-1 j. r % 3 

"("n ' - ' i") * (p 1 e u f C du. 


3. Taking the kernel as in (2) above, a = 0 and X = k, the 

operator T^ (acting on <P) gives rise to the original Post-Widder 
operator t [66] , defined by 

nu 

CO m 

L k,t C f(x> ] = It ( l )k+1 ; e t u Cp(u) du. 


where 


f(x) = S e"' xu <P(u) du, 
o 


is the Laplace transform of <P 



4 • Indeed, the above three operators can be obtained from 

% b Y choosing, respectively, p = 1, a = 2; p = -1, a = 1 and 
cc = 0, where is defined by 


), + , 

n -v P 4.(\P + Ot-1 

L^(f;t> = £■£ i 

r(x + —) 

P 


S -~X(t/u^ fCu^du, 

o 


where p £ 3R— {0}, a £ 3R, X > 0. The kernel, here^is uP e u . 

_ log u 

5 . With kernel e ^ 20 , a = 3/2 and X = 1/t, the operators 

T\ reduce to the operators U. [4l] defined by 


U t (f;x> = 


V 


2 Tio t 


/ f(x e J ) * 

•^CO 


* exo [ - - — i— (y -1- ^2.) 2 ] dy , (t > 0) . 

2d t 

Me can easily see that in all the above, the kernel 
belongs to T TO ( HR 1 *) . It may also be remarked here that the 
operators share with the operators U n of Chapter one the 

structural property of essentially being generated by powers of 
a kernel. 

Kunwar [32 ,33]obtained an asymptotic formula of 
Voronovskaya type for 1/ under the assumption of the existence 
of G'"(l) with G"( 1 ) / 0. Under the same assumption * he 
determined the Lipschitz-*Nikolskii constants of the operators 

1\ . Later ho studied the simultaneous approximation of 

/v 

f by the derivative of f. Also, he obtained 


derivatives of 
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— cg/2 

local OCX ' '-inverse theorem (0 < cc < 2k+2) and also the 
saturation theorem for the linear combinations T A (.,k,t) 

(defined below: in sup -norm case. 

Recently, Winslin [ 67 ] has obtained global direct, 
inverse and saturation theorems for the linear combinations 
T A (.,k,t v of the operators l\(.,t) in L -norm (1 < P < °°* • 

His inverse theorems also correspond to the order 
0(x“ CX / 2 ) (0 < a < 2k+2>. 

The linear combinations T^(.,k,t) are defined as follows : 

Let d , ...,d k be k+1 positive numbers. Then the linear 
combinations T A (.,k,t> of the operators are defined by 

k 

(3.1.3) T, ( . ,k, t) = 7 C ( j , k) T dA (.,t>, 

K j=0 J 

where ^ d _ 

n dir ' k ^° 

i-o j i 

(3.1 .4) C(j ,k) = { 

1 , k = 0. 

In this chapter, for the operators T x (.,k,t), with 
G e T co ( 3R + ) , we obtain local direct and inverse theorems for 
a more general order <P(V 1/2 > in L p -norm Cl < P < »'■ over 
contracting subintervals. AH through this chapter, unless 
stated otherwise, the operators T„C.,tS corresponds to a kernel 
G e T 0O ( ]R + ) and a given parameter a s 1R . 

A scctionwise summary is as ^lows = Sectlon J ' 2 COntaln 
basic results about the operators \ and A C.,k,t) which will 
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be used in the later sections. Section 3.3 consists of local 
direct theorem for T^( . ,k, t) and sections 3.4 and 3.5 consist 
of local 0 ( cp 1 * and o(cp) -inverse theorems for the operators 
T x c.,k,t; . 

3.2 .'Basic Results . 

Throughout this chapter we use the terminology that 
I . = [a^./bj ] , j = 1/2/ where 0 < a^ < a 2 < b 2 < b^ < °°. 

Kunwar [32] proved the following : 

Lemma 3.2.1. If G e T( 3R + ' and G"(l> exists and is non-zero 
then 


lim 

X -*oo 


X 1//2 a(X> 
G X (1) 


= \T 7i [ ZJ^H L J 1 / 2 , 
G"(l) 


where a(X) is given by (3.1.2'. 


1 


Immediately, we get the following 
Coroll ary 3.2.2. If G e T( and G"(l) f 0 then 


g-i-i. -> 1 as X ■* 00 / 
a :: ~ (X ) 

where a (X > is given by (3.1 .2 } and 


°° no 

= f u‘ B ~ 2 gM u) du , |3 s IR. 

o 

Before stating the next theorem we define the concept 
of a bounding function. 


Definition 3.2.3. 


A continuous function fl > 1 defined on HR 
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is said to be bounding with respect to the operators r if 
for each compact subset K of 3R , there exist positive numbers 

X and M t - such that 
K ■U 

\ (Qjt) < M t , # t e k 
A I< k 


and, for any bounding function Q , we define D Q to be the 

set of all measurable functions on HR which are locally 

integrablc on HR such that lim sup f(u)/Q(u) ,lim sup f(u)/a(u) 

u -» 0 u -* o° 


exist. 


An asymptotic expansion for the moments of the operators 
is as follows ; 

Theor em 3.2.4. Let G e T ( ]R ) and k s 3N 0 . Then there exist 

constants c k r > such that the following asymptotic 

expansion is valid 


t*T x ((u-t) k ;t) = 2 

r = [— ] X 


, U 


Lemma 3.2.5. Let G s T( 3R + > , G"(l> exist and be non-zero and 

« ... i * 

k s IN. Then there exist X Q and a constant Ay, > 0 such that 


for all X > X and t £1 , 


-k , , k ^ 

t V'u-tl > t] i ^72 * 


Lemma '3.2.6 : Let G © T( 3R + ) and m © 3R. Then 


u* - fGU)i 




A 


where a(A) is given by (3*1*2) 


/ 
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Jhe following theorem enables us to extend our results 

to G e T^C HR +N by just proving them for Gem f or an 

6 

appropriate 6 > C. 


Ibeorem 3.2.7. Let G, G' :: ' e Tj such that G = G* on 

(1-6, 1*6' for some 6 > 0. Then, for any fixed £ > o and 
f e L.,( 3R + ' (1 < p < oo' # 


T x U»t' - 


■x 


(f ;t* 


L p (0,oo) 


0(7 


- K 


1 1 


L ( 
P 


JR 


where T are the operators corresponding to the kernels 
G and G " , respectively, the parameter a remaining the same. 


Proof . Since the proof is similar to that of lemma 1.3.5, we 
only sketch it. 


Lot 3 SIR (we use it in the situations j3 = cc and 3 = a+1 ) and 
for any fixed number m, let 

c = I u? 2 G m (u) du. 
o 

Indeed, if m is large enough then c < 

Let sup G(u) = X ; then t < G(l) . Hence, choose 

I u-1 1 > 6 

S > 0 such that T + S < G(li . Since G(u‘ is continuous at 1, 
there exists s 0 > 0 such that 6 >_ 6 Q and 

inf G(u5 h T + e. 

|u-l|<6 0 

Let y = min {(1 + 6 Q ) a , (It 6 Q ; }. 
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Now, 


a(X' = / u a " 2 G^( u > du > r°° n a ” 2 


1 + 6 


1-6 


u " G A (u) du 


> ( T + e)^ 2 6 Q y . 


lence, 


! u-1 1 > 6 


U ?_2 gHu) du - / U 3-2 £*(„; G^- m (u> du 

I u-1 1 >5 


/ U' 8 - 2 G-( ul dU 


< t X ~ m c, 


Thu s , 


SST i-i-i i >s 


u 8 ' 2 G X (u> du < 


/V-m 


(T+e)^ 26 0 r 


= 0(^~ £ ) 


Wo observe that 


u p_/j G A ( u) du 


< 


S „JB“2 
I u-1 1 >6 

rrs 

/ u tt G^(u) du 
1- 6 

Hence, it is clear that 


2 6_ 
o 




= o(?r^) 


(3.2 «2> 
Now, 


a( '’ = 1 + o(X-»). 


Q 


W 


I T^(f;t> - T^(f;t) ] l L ^( 


1 "{“ (5 

< j | . - : L . T / u tt 2 g\u) f ( t/u) du 


(contd.) 
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+ 

4- 

(3.2.3) 

(3.2.4) 

(3.2.5) 

f rom ( 3 
Lemma 3 

0 < 6 < 

Proof , 
u e (l- 

T-v 


1 


1 + 6 


a*(X> 1-6 


/ u (u) f(t/u) dull 


L ( M 
P 


u a 2 f(t/u) du| | 


^ ~ \ j -\ \-/ ^<7 '-tu. | | t 

1 | u-1 1 >6 L ( DR + ) 


S 


a~(X: I u-1 1 >5 


u tt 2 G*\u) f(t/u) du| 


L ( 1R + ) 
P 


= J-j_ + J 9 + J 3 / say 


Prom (3.2.1)/ it easily follows that 


Jo / Jo = 0 (?T £ ) 1 | f 1 1 , 

2 2 L p ( IR ) 

1 + 6 


- n( a(M 

a'"*(X' 

' x) rxr 

, -jl 


= 0 (X ) 1 

1 El 1 , -K 


L^( 3R ) 


L o (lR- 


.2.1-2) and hence combining (3. 2. 3-5)/ we get the result. 


.2.8. Let f S L p ( 1 5 (1 < p < «>\ and G s T 6 wi 
a 0 -a 1 

min ( — 1 — tr — ) » Then 


th 


*1 ' 4 

? x (f;t) ■ ■ 


l p (i 2 ) 


1 

< (i+6 ; p !ifn 


^di> 


P 


We can easily see from the choice of 6 that if 
■ 6 / 1 + 6 ) and t e [a 2 /b 2 ] then t/u e H^/bjJ. 


CfJ 


. t ; = -4 rr 1 u a “ 2 G X d) f ( t/u ) du. 
a(X) 
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Hence, by Jensen's inequality. 


b. 


2 <» 


T x (f;tMl P < pp I X u a ~ 2 G ? Hu)i f(t/u}| p du dt 


a 2 0 


1 } \ +6 a -2 


a (V) 


/ X u g\u) 1 f(t/u)l p du dt 


a 2 1-6 


-i h, 1 +5 rr 1 -n, 

< py X Xu g\u) lf(t^| P du dt 


a, 1-6 


D 


< I 1 f 1 \? (I > (1+6) , 
J p 1' 


and hence the lemma. 

Lemma 3.2.9. Let a < c < d < b and X(u) be the characteristic 
function of the interval [ a,b] . Further, let 

f e l (0,°°) (1 < p < °°i and G e with 0 < 6 < min • 

Then, for all t s [c,d] , 

T x ((l-X) f;t) = 0. 

The following lemma gives an expansion of the derivative 
of the operator. 

Lemma 3.2.10. Let G e T 6 and X > m e T7 . Then there holds 


•for u # t e 3R / 


k m 


3 1 


m 


{J -1 G+t/u)! - t “ -1 G X “ m (t/u) ^ X 


m-h • 

2 J v +k 


xfG'(t/u)f g v#k/m (t/ u >/ 


where the 


functions are certain linear combination 
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**1. ( V) ” 

of nroclucts of oowers of u , t and (t/u), k = 0/1,... ,m 
and arc jnrteoendent of \ . 


7Je close this section by stating a result about linear 
combinations T^(.,k,t). 

Theorem 3.2.11. Let G £ T^C 3R + ^ / Q be a bounding function for 

G and f £ D . If at a point t £ H*, f (2k+2) exists, then there 
Q 

holds s 

|T^(f;k, t' - f(t) | = 0(X , 

where k = 0,1,2,... . Also, if f (2k+2) exists and is continuous 
on an open interval (c,d) containing [a,b] , then the result 
holds uniformly in t £ [a,b]. 


3.3 D irect theorem . 

In this section, we prove a direct theorem which contains 
both 0 ( <p) and o(<p) direct theorems as corollaries. 

Theorem 3.1.1. Let f e L p (0,~> (1 < p < »! . Then 


1 iT x (f,k,t) - f(t) | i L (I ) 

P Z 

< + x <k+1 ' l|fll L p (I )’• 

Before going to the proof of the theorem, we shall 
prove the following results. 


with 0 < 6 < min (■ 


*2“^ b l~ b 2 


Lemma 3.3.2. Let G e T 6 wiun u - o ' ^ 

and f £ L (0,^ (1 < P < have 2]<Jr2 derivati ' ve ' 3 on T 1 V 

P 


jL 



JlU/ 


^ ( 2 }c-fi 

MT X U 


Proof. 

(3.3. 1' 

(3.3.2; 

whore 

( 3.3.3' 

and O.C 

(3.3.4) 


e A.c.(l- } and f (2k+2 ' 


e Then 


■'/ t, v - f(t)| 


W 


k+1 


{ I ! f 


( 2 k+ 2 ) 


l p (i i ) + " f|l v r t )K 


For t 8 Ij and u £ 1 ^ , we have 

2 k +1 , i , 

f(u' = 2 


i=l 


i! 


( t) 


1 , U ,.. . \2k+l_c(2k+2 ) /..v . 

*■ X2k ~ rr r ( u ~w f (w> dw. 


Now, by the choice of 5 , we have 


T 


OO 

= ^[xr s tCX "' u X(u) G k (t/u' du. 


X(u) is the characteristic function of 
Thus, from (3.3.1-2', for t £ I 2 , we get 


2 k +1 f (i)/.\ i 

T. (f,k,t)-f(t» = 2 Tr^ T x ((u~t) , k,t) 

/v i=l 1 * 


+ 


Iprr T^(/ U (u-w ) 2k+1 X(u) f ( 21 c+ 2 ) (w) dw, k,t) 


( 2 3 c-f-1 - 7 k 


k 


-m 


Since 2 c(j,k) d. = 0, m = 1,2,. . .,k, using lemmas 3.2 
j =0 3 

i*3 , we got 

2 k +1 jp{ i) / j_> -? 

ns f l! ( -=-- T x ((u-t) ,bt'll. ( ,, 
i=l P z 


M, 


k +1 


(Ilf 


( 2 k +2 


L p (I 2> 


+ i 1 f I 


yv 


! . 



IUO 


low, bo estimate 

>, = |T\(x(u> I (u-w^ 2k+1 f^b+2 ; ( w \ dwj t) | j 

t 

we consjder the cases p = 1 and p > 1 seperately. 

Suppose r, > 1 . Then 

2 < T x (x(u> lu-tl 2k+2 . 1/ |f (2k ~ 2) (w)| dwl ?t) 

« T x (iu-t| 2k+2 . H f (u)jt), 

( 2 h+2 ' 

v T here H f (u % is the Hardy Littlewood majorant of If ‘I over 


the ir 


interval [a-^b-jJ. Hence/ by Holder's inequality/ we get 


Z < {T x (|u-t| (2k+2)q ?t)} 1/q {T x (X(u) |H f (u) | P jt)} 1/p 
Thus/ from lemmas 3.2.5 and 0.6.2 / we get 


u 2 (2k+2) . 


I!M VV 


I-Ience/ 


(3.3.5) 


(/ U X(u)(u-w) 2k+1 f (2k+2) (w) dW/b/ 1) 1 I L (I ) 


P 2 ‘ 


[ 3 r ( 2 k-1-2 ) . . 

inmr" £ 11 V I i > ‘ 


Suppose u = 1. Then, choose r = r(W such that 

rA 1/2 < Rax ■ ™ en ' f ° r 6 h' 
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z < i ; t 0 - 1 u~“ oht/u> ,u-t, 2k+1 * 


xi/ X(w> l f (w- 1 dw| du 

t 


r , 1//2 a-1 „ a ^ 2k+l 


t+( «+D ^ _1 ' /2 


X ( / 

t 


;( 2 k + 2 )^ w Vj dw ) du 


t-£ X“* 1//2 a-1 _ a x , , .,2Tc+l x 

r t u G k ( t/u' iu-t| 


t - U + i ' X ' 


- 1/2 


X( w ) I f ^ 2k+2) (w) dw) du} . 


t-c >~ 1//2 

Let X t d denote the characteristic function of th® 
interval [ t-c ^ t , d ^ ] where ^n 


Z < S 


r , t + (Ul'X- 1/2 t a-l u -a Ght/u , X 2 ,-4 ,^,2WS * 


fi a v y 5 . —1/2 

* =1 t+ & ^ ' 


t+ (£.+l)X 1/2 

x (/ X (w> x t/0 , l+l 

t 


( w > , f (2k+2 ' (w>. ldw) du 


1 f l k_1/2 t "-i u -V(t/u' / «- 4 
+ HXT t _ ( s + r - x - 1/2 


x (/ 


t -(£ + l}X 


- 1/2 


X(w' X t#£+1/0 


( w> j f^ 2 }c+2 ' y ( w) 1 dw) du } 


(contd* 



t X U a G^Ct/u'i |u~t| 2b4b 


v ^ 1/2 

1 f 

^ - 1/2 

a 2 -x x/ ^ 

t + x -1 / 2 

* t ,-1/2 X(W ’ X l£ 


( 2 k+2 ' 


(w' | dw} du 


r . 2 

£ 

t=l A 4 


^ lu _ ti 2k + 5 

t+ 2A” 1 / 2 


x (J 1 X t ^ Q ^(w) | f (2kf-2.‘ ( w ., j ^ w ) (j u 

a l 


t- a A.™ 1 / 2 
4- S 

t-C AtDX” 1 / 2 


t a "V a G\t/u) ,u-t, 2k+5 x 


b l 

x (J 1 x t j) +1 Q (w> | f (2kr2) ( w j | d w j du} } 


b„ + \X 


• 1/2 




aTxT 


/ 

a 2 -:x 


- 1/2 


cc~*l — cc 2k+l f , / \ y 
t u |u~t| G (t/uj x 


1 

x ; x , (w) If (2k+2 ' (u' Idw) du . 

L./1 / j- 

? 1 

Now, using lemma. 3.2.5/ we get 

b„ 


z < M 5 */2 J 2 X t / o / A+l^ w ' 

£ 0.-1 


b l 
+ / X 


r „ 2 

1 

(2k+2) 


: (2k+2) 


( w,' 


t/ A+1,0 


( wj I f 


( w) ! dw} 


+ / X 1 1 (w^ j f(2k32^ ( w ) | dw£ . 
a l 


dw 



Thu s / us?!:: g Pubin i 1 s theorem/ 


r b l b l 

, t7l . < » x ”(2k+l )/2 t, £-4 x x x 

!1 ‘ jM L (I ' ~ l 5 X A , , X t,0,£+1 

p 2 a =1 


(w) dt) 


x | f (2k+2 ./ ^ | 


b l b 2 

+ ; (A X H1 0 (w) dt) lf (2]c+2) (w)! dw} 
a l a 2 7 ' ' 


+ f 1 (/ X 1 ,.(w> dt! lf (2k+2) Cw) ldw 
t / 1 / 1 

a l a 2 


= m 5 X 


~(2k+l )/2 { j *“ 4 {/ if (2k+2) (w!| 

&=*=! a 1 


W 

(; dt ) dw 

w* ( £ +1 ) X ^ 2 


+ / If 


C 2 k+2 ) 


w+U+DX*" 1 / 2 


dt) dw) 


+ ; ,f (2k+2) (w! 


.1/2 

W+A 

( / dt) dw} 

„ ,1/2 




since 2 2-” is convergent. 

£ =1 


Thus/ 


| | T,C; U (u-w’ 21<+1 KW f (2l5+2! (w'cw,k,t.t 
A t 


l d 0 ' 
■o 2 


£ k 6 x 


_(2k+2! , . 

f 1 W • 


(3.3.61 
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Hence, from (3. 3. 3-6', we get the lemma. 


Proof of the theorem . Xt is sufficient to prove the theorem 

a o~ a i b i 

for all G £ T c with 0 < 6 < min ( , — =- — ' . 

a l b l 

We have 


- £(t'll Lp( i 2 . 


< 1 1 r^(f-£ T|j2k+2 ,k,t> l 1 L (J • 

p ^ 


+ ! 1 T X ( ' f T? / 2k+2 /k/t ' ” f T],2k+2 (ti|1 L (Ih 

P Z 


+ 1 1 f r),2k+2^ t ' “ (I 9 ) * 

p z 


Now, by lemma 3.2.9, we have 


1 1 V f ~ f n, 2k+2 7 K/ 1 1 L , ( I 9 ) 

P Z 

< ||T x (X(f - ^,2^-2 ' 1 'l (I 2 ^ , 

p Z 

where X is the characteristic function of I-j_ . 

Thus, for sufficiently small v > 0, from lemmas 3.2.8 and 0.6 


(3.3.7! M\(f-fi^2k+2' k ' t,n L p (V ~ “ 2 


G) 


2k+2 (f ' n ' P 'T' 


and 

(3.3.8) llf T)/2k+2 (tl - f(t>ll L (l2 ) £ K 3 °2k+2 • 

Now, from lemma 3.3.2 and 0.6.5 
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(3.3.9' 1 I V f n , 2 k + 2 ' k ' t) “ f h,2k+2 (t) 1 ! L (I ) 

P 2 


^3 -( 2 V+? ) 

— ~ k+1 ^ tt 2k+2 ^ I I* + (I.)* 

a. p JL 


< 


- 1/2 

Thus, choosing n = X ' and combining (3. 3.7-9' we get the 


theorem. 


Mow, <P s § 2^+2 that 2 /<P(t - •* 0 as t -* 0 and 

hence we get the following corollaries % 

Corollary 3.3.3. Let Vs ®2’k+ r) an< ^ ^ e L p^ 0,o °^ ^ £ P < °°^ • 
Then 


C0 2k+2^ f/t/P/I l' = ■* 

implies that 

| | T^( f ,k, t> - f(t> | l L (-[ ) = 0( V(A 1//2 3 ) (k-»oo) 0 

P 2 

Corollary 3.3.4. Let V 8 $ 2]c+2 and f 8 L p ^ 0/O °' (1 < p < ») . 

Then 

6) 2k+2 (f ,t / p, I 1 3 = o ( V( t) } (t - 03 

implies that 

[ | T x (f,k,t)-f(t) t 1 L . (x 2 > “ °( <p ( X 1 ^ 2)) 

3 .4 0(cp) -inverse theorem . 

Xn this section we prove the corresponding 0(V / —inverse 
theorem of corollary 3.3.3. 

Theorem 3.4.1. Let f e L p ( IR*) (1 < p < “3 and < P e § 2k+2 » 


The 



114 


(3.4.1) 1 I T^( f # k, t) -f (t) | | 

implies that 


L ( i^) ~ <p(A ) ( A -* oo) 


(3.4.2) ^2 k+2 ^ f * t,p, ^ = °d(t‘J) (t -* 0) 


Before proceeding to the proof of the theorem/ we shall 
prove the following results which will be useful in the proof 
of the theorem. 

Lemm a 3.4.2. Let f 

GST- with 0 < 6 < 
o 

u 

I I T-v ( (u-t) 1 J (u-w)- 1 
t 

Proof » In view of the choice of § , from lemma 3.2.9/ we see 
that 

-i u i 

1 i T_ ( (u— t 5, / (u-w) J f(w)dw;t)n T / T x 

X t V 2 

u . 

= 1 I T.( (u-t) 1 x(u) J (u-w) J f(w’dwjt) | 1 L (I } / 

A t P 2* 

where x is the characteristic function of T-j. * 

Now the proof follows exactly as in the case of the estimate 

of Z in the proof of lemma 3.3.2. 

Lemma 3.4.3. Let f e Lp( IR + ' (1 < P < °°> a *d G e T § with 
a 0 -a 1 b- -fcu 

0 < <5 < min (■ — - — / — c — ) * Then 

D 2 

1 IT (lu-tl 1 1 f(u) I ;t) 1 It (J ) S M ^ ^ ilf|1 L (I.) ’ 

A p ^ 2 ‘ p A 


S L ( 3R') (1 < p < 
a 2- a l 


min (- 






b i " 


/ i/j 

Then 


s 3sT and 


f(w)dw;t)ii L /j £ 


< M A 


-(i±l±i.) 


! L (I. 
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Proof. Suppose P > 1. Then, by Holder's inequality, 

T x ( lu-tl 1 | f( u ) | , t > 

i {T.(if(u)! P ;t)} 1/c J (1+1 = 1 ) 

P q 

Then, from lemmas 1.2.5 and 3.2.8, we get the result. 

Suppose pal. Then 
b 2 

S I T^( | u-t | 1 | f (u) | ; t) | dt 


2 oo 

5. S P7TT s u a " 2 G :>v (u) | f(t/u) | | — -tl 1 du dt 

a 9 ww o u 


1+6 


b. 


/ u tt 2 g\u) / | f(t/u) | | 1 -tp dt _du 


51X7 i-s 

M, 1 + 6 


1 
a [’ x 5 


, b 2 


< — r3+- S u tt 2 g\ u) |1 ~ 1 1 ^ / I f ( t/u) | dt du 


1-6 


M 1+6 xi 4 1 

< — 7 XT / u G+u) i — — 1 1 / |f(tl| dt du 

~ a(A 1-6 u ^ 


and hence, from lemina 3.2.5, we get that 


i M 2 

i!T x (iu-ti i f(u' yt> i i l i( ;e 2 < “ ? 772 llf 
and hence the result is proved. 


L 1 ( I 1 3 


Lemma 3.4.4. Let f e L^(0,°°' (1 < p < and G s T A with 

P ^ 

a 9 -a, b. -b_ 

0 < 6 < min b , ■■ and X > 2m e 3N. Then 


IT 


X 


\ 

(2m) ( f ;t) | 1 L (t ; = 0(X Hfli L ( l} ) 


V 2 ‘ 


J P V V 
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If/ in addition/ f is 2m-times differentiable on IR + such that 
^ 2m 1 j_ s absolutely continuous on IR’ r and e l (l 9 ) . 

P 

Then 


1 1 T^ 2m '( f ,tM | ( i 2> < M||f (2ra) 

Proof. he have 




Os j - 

T^(f;t) = yyy I t a u a G \ t/u) f (u) du. 


o 


Hence/ toy lemma 3.2.10, 

m( 2ir/ / r~ , \ 


‘X 




a(xT 


( t/u) 

] (2m) u 


r 2m- It *1 

2m 

*- 2' t 

E 

S X 

k=0 

O 

11 

X 

g V,k,n/ 


'u* du 


k 


where the functions g , v (t,u) are certain linear combinations 

3 v, k/m 

of products of u 1 , t and (t/u'’, k = 0,...,2m and are 

independent of X • 

Hence, using the boundedness of over the region of 

our interest, 
to„ 


,( 2 m) 

(f*t) l 

X 

r 2m-?k 
2 

2m 

E 

E 

k=0 

V=0 


v 


^ l / 2 u- a d' 1 - 


x {G l ( t/u) } | f (u) | du dt 



f 2 *•} „ 

2m *■ ~ -I . , b 2 00 

= M i s 2 srrr 1 ' y a ~ 2 G x ' 2m 

k=0 v=zQ a(lX) a 2 o 


Y G (y)|G / (y)l |f(t/y)|dy c 


Not*; using the fact that G s T 




r2m-k 

2m L“2 J 


M 0 | |f! | 


1 f t ] 2 2 \ 

J l CI l j k=0 ^=0 


oo 

; y“-2 G^ty) | G* (y) | ^ 


C 2m~k-| 

L 2 -I 


lo V l 0 ^ y a ~ 2 G X-2m (y,’ X 


X |y-l! k lG"(g } l k dy , 

for some § lying between y and 1, since G'(l' = 0. Now, usin 
lemmas 3.2.5~6, we get 


r 2m-ki 

2 Tfi L 2 J 

I 1 T (2m> (f;t> | | , ^ < M,| |f| U (I ) 2 2 X V+k/2 

A L 1 ^ x 2 J ^1 >* ' v-n v -n 


1 v tL ‘ k=0 V =0 


< M 4 A I I f I I 




Similarly, v;e can prove 


| i T^ 2m ^ (f;t) I I 


Loo^ 2 } “ Ms ^ Hfl,L oo(li^ 


and hence we get the result from Riesz-Thorir/ s interpolatior 


theorem 



J-J-VJ 


Since f^"™ 2 is absolutely continuous/ f^ 2m ^ s L ( 3R + ) and 
G e Tg, we can write 

T^ 2m ’ (f;t* = T x (f (2m> ?t) 


and hence from lemma 3.2.3, the second part of the result follows. 

Proof of t heo rem 3.4.1. In view of lemma 3.2.7, it is sufficient 
to prove the theorem for all G s T^ with 0 < 6 < 

cl —• p] __ 

min (. J 2 , JL~1) . Choose X. ,Y ■ , i = 1,2 ,3, 4 such that 

b l 

a x < x ± < x ±+1 < a 2 < b 2 < Y i+1 < Y± < b i 


Then 


i 1 


i 2 r k ' ! ‘ 2 f(t)n Lp[x3<Y3 -|£ IIA 2k+2 tf(t)-T A (f,k,t)ill Lp |. X3jy3] 


+ d Cf ' k ' th ' L [x y ] ’ 


pL-3”3 


By lemma 0.6.1 


(3.4.3) | 1 A 2 lv+2 1 l L p [x3/Y 3 ] 


2k+2 


_ M ; ] t ^ +2) (f/k/t + s z.) 

= 1 i J . . . J . 1 

o o 

dz 1 ...dz 2k+2 l » L p^y^* 

Now, by repeated applications of Jensen's inequality and 
Bubini's theorem, for all 7 sufficiently small, ire have 


y ■ j 2 k+2 

s [/...; T ( 2 k+ 2 , (f/k,t + ,s z r dz i*" dz 

_ A 1=1 


*2 k+2 


»P 


dt 


Xj o o 


(contd*? 



119 


(2k+2'(p“D / ll ^2k+2) if/1Cft ) 11 P^^^^ dZl 


< y 


- llTx 


( 2 k+2 ' ( f V t' I I ^ r -i» 


Hence, from (3.4.3;, 


,4*+2 T x U.V.tMl^ [jt3 , y3] 


< 7 <2k^> l|T( 2k+2 '(f-^ t >" Ijp[x3 , Y3 ]- 

Suppose sun,, f c- (x 3 ,y 3 '- fr0m lanma 3,4 -4 


\^' 2 VE,h,t;n L [X3 ,v 3] 


(2X+2) ! , T ^ 2k+2! (f- f n,2k+2' k ' 


< r 

_(2k+2)/^ ,k/t)ll T It, -v 1 * 

+ I I T x ' ^T), 2lc+2 ' L pL x 2 ,y 2 J 

all 7i sufficiently snail, as 
-v P L 


which, for 

< Mi ^ 2k+2 C^ +1 !l £ “ f 71,2k+2 n L J^ 2 / y 2 ] 


_ ( 2 k+2 ) , | _ -i } . 

+ 1 l £ Tl,2k+2 ! ! h [^/y 2 J 


Now from lemma 0 


.6.5 and the fact that supp f C t x 3' y 3 J ' 


(3.4.4' IIA 2k+2 T x (f,X,t)ll Lp[Xj ,y 3 ] 

,^l'.+2 (.tf 1 +-2^5* “2}:+2 (f ' n ' P ' ' X -3' Y 3J' - 


i«2 


dz 2k-l-2 


we get 



Also/ r~i: 


" * "’P f -• (x 3 /y 3 ) and r is sufficiently small, from 

nv lot . C,: \ ! i « ; _ 1 % , 

1 •J' “ x / we net 


(3.4.5) I i&, 


i f (t'-T .(f/k/t) } | U r = OC^PCX" 1 / 2 ) ) 00 ) 

-2 


Hhut' \ _ rf / from (3*4. 4-5^, we get 


1a“ 1<+2 -TCt' II, < {<p(n> + r 2 k+ 2 (n k+1 + * 

7 '1 x 3 ' i ’ 3 ]~ V 


2 k + 2 ' 


W 2 k + 2 ^ f , ^' P / [ x 3 / y 3 [P * ' 


which i;tv 0 ,i » ■ . . t„ ' vr +■ 


(0 


2 K +2 ( Ct,-,,[ ::3 ,y 3 ]) < M 4 {<V> + $) 2k+2 


W 2k+2 ^ f ' r ' / P/ 1- x 3 ' y 3 P * * 

The coup on, now, follows from lemma 1.2 .2. 

next, wt ; orovc M>c theorem for general f. 

Let C( e > lt , sU ch that SU PP g C^ 3 /y 3 ) and g =^1 on 

[x 4 ,y 4 ]. Thon, iU Jn s uff icient to prove that 

(3.4.6) 1 1 1\ ( Lo „ k, e - c £g' ( t: 


r rx V 1 = 0 C<PCx*- 1/2 )} ( A - oo) 
L pL x 3 /Y 3j 


We prov.. chi r -'y inaction as follows s Eirst we prove the 

result for all c; s . Hater, assuming the theorem for all 

* 1 * 

cp e ffi , -that 1 < r < 2k+l, we prove it for all 

v ®r' icr ooruo r such ^ - - 


tp 8 S 


r+1 * 

Let (f e ^ . 


’Theft 



(3.4.7) ||T (fg,k, t^ - (fg)(t) I! t , „ 

A V X 3' y 3J 

< | 1 T x ((f(u'-f(t) . g(t',k,t;l! L r n 

P L J 

+ ll\(f(uMg(u)-g(t ! : / k,t!|[ r i . 

A L p Lx 3 /j; 3 J 

Thus/ using the hypothesis (3.4.1' and lemma 3.4.3 for the 

first and second cerrns on the right hand side of (3.4.7'/ we get 

(3.4.6)/ since t = o(qi(t') (t -*■ 0*. Hence the theorem is proved 

for all <P e . 


Assume thit for some r such that 1 < r <_ 2k4-l, the result 
is true for all <p s § , Let <P s $ ^ . Then, 


<P* ( t) = 


<P(t) 


e $ 


Hence/ by induction hypothesis, we get 


C *2k+2 (f,t/P/ ^ X l /y l]' = 0((p " X ' (t)) (t * 0) 

which/ by lemma 1.2.4, implies that 

“2k-:-l (f/t/P/ ^ x l /Y i^ = 0((!f ' (t}> ' (t - O'* 

Hence, for j - 2k+l, 2k+2 

- 1 

(3.4.8) X~ 2 W j (f/’ 1/2 ,P/[x 1 ,y 1 ]' = 0(<P(X*' 1/2 )A (X - oo). 
How, in view of (3.4.7), it is sufficient to prove that 


(3.4.9) J = 


T. (f(u> (g(u)-g(t); ,k,t' 
A 




= o(<p(x" 1/2 ) 


( X ■* 00)1 
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We have 

(3.4.10' J + J 2 + J 3, where 


J 1 = 1 1 V (f(u '''~ f T),2k+2 (u '‘ ) (g(u) “ gCt'Mc,t>| l L [ 

p "3 *3 

J 2 = ' 1 T A^^,2k+2^~ r T},2k+2^ t> ' ”9^ /1C/t; 1 1 L [x.,, 

P ~ 5 

and 

J 3 = MT \ (f n / 2 k+2 (t) ( g ( ^-g(tM,k,t> 1 i L [ x y ] • 


kr some f lying between u and t. 


J l = 1 1 T x ((f(u!-f n>2k+2 (u)) (u-t) g'(D^-t) I l L Jx,,y,] 

-2 


J p L 3 ^3- 

How, choosing \ = V * t from lemmas 3.4.3 and 0.6 .5 
see that 


(3.4.11) J ± < X 1//2 W 2k+2 (f,X*" 1 ^ 2 /P/ / 
which/ in view of (3.4.8)/ implies that 

(3.4.12) J.J. = 0(4 1 (^"' 1//2 ) ) (*■ -* OT> - 

Also by theorem 3.2.11 and lemma 0.6.5 


(3.4.131 


Mr 


J 3 - . k+1 
A 


Since $ s ^2k+2 / ^ g as ^ 

(3.4.14' J3 = 0(cp(?v’" 1//2 . ) ) (A- ■* 00 J • 

Again for some § lying between u and t/ 


0 . 


] ' 

y 3 ] 


z we 


Hence, 
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Ci-n 2k + 2 W ' ^n.2k + 2 (t>) (9(U) - 5(t " 


= { 2 
i=l 


(u-t.A Ai) 


f n ,2 k+ 2 ^ + “( 2 k-i-T)I 


1 , U , v2k+l f (2k+2)( > dw j x 

■rrr t ( u “ w £ T7v2k+2 v 


2 * (u-tk q Ui (tt + %|^g U, 5 + 1 ) (l» 5 . 


x 5 s — rr 

* A • 

1=1 


Therefore j 


J 2 i irism 


2,c X 


u 

X S 

t 


, x 2 3c-fl 
(u-w<> 


j-( 2 k+ 2 ) / > 

^,2k+2 (w 


dw / k, 1) 1 1 L j- 4 y^-j 


(2k+l) 


+ 


( C 2 k+1 ) ! ) 


,T (g^— (gHu-tJ 

A 


v 2 k+1 x 



u , \ 2 k+l( 2 k+2 ) (■ s d 

x J (u-w> f r), 2 k-i- 2 ^ 

t 

2 3c4i 23c 

Mf (i> ( t ) g (:) '' (t)T C(u-t) 

il£ T] / 2k+2^ ; y * 

• ! ’ { s ? rnr 

i=l 1=1 

1 f 2l v rl 1 

+ T 2 k+rrr { 13 

i i f ^ _ ( *ti x 

1 1 • L n,2k+2 


.. .2k+l+i (2k+l) 

x t ( (u-t) y 

(3.4.15) = % H 

l r j- R , + R ; • / say. 

1 x 2 3 r 


P 1 


D' 


P 1 


By lemma 3.4.2/ 

{ 2k ^-(k + l + i/2> ,,£<«£*! l L 


R 1 i M 6 


=1 


and 


R < m “ ( 2 Tc+3/ 2 ) j-(23c+2; ■, 

^-”7^ l|f n, 2 k + 2 "L p [ V y 2 ] ! - 

~2 

By lemma 0*6*5 and choosing X = T) we get 


(3.4.16/ Rjl, Rg < rig X 


- 1/2 


to 


2 k +2 ^ [*i /Y lP 


which, by (3.1.0) implies that 

(3.4.17) Rj^Rg = Ot?^ 2 )) ( X ■* co> . 


Xt follows from theorem 3.2.4 and the fact that 
k 

S C ( j , k) d*? m = 0 , m = 1/2,. ..,k, that 
j =0 ^ 


Mr- 


2 k +1 


R < 


-(i) 


gmr ^ l|f n,2k+2"L p [x. 3 ,y 3 ] 




Clearly, 


**10 


2 k +1 


: (i) 


r 4 ijTm: ( Xj. 1 lf n,2k + 2‘ l L p [x 3 ,y 3 ]' • 


Now using lemma 0.6.3 , we get 
M 1 1 (2 k+ 1 ) 

R 3' r 4 1 C54 tnf n< 2k+2 n L [*3,y 3 ] 


+ l|f ^, 2 k+ 2 M L [x 3 ,y 3 ] ! 


-2 


which, by lemma 0*6.5 , after taking X 'H , implies that 


- 1/2 


> 1/2 


-(k+1) 


(3.4.18) R 3 ,R 4 <X “ w 2k+l (f,X " /i/P/ [ X l /Y l] WV ' J ''" f l 1 L ^( 


X 


• ( k+ 1 ) 


P 


Now, from (3.4.8) and the fact that ^= 1/2 s - 0 as X 


we get that 

(3.4.19) R 3 , R 4 = 0 (<p(X 1/2 >^ 
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Hence, from (3.4.15), (3.4.17) and (3.4.19', 

J 2 = 0(cp(?T 1//2 '. ) ( A - ») . 

Thus, J = J x + J 2 + J 3 = 0(4'(\" 1//2 > ' ( A-> «>> 

and hence the result follows. 

Corollary 3.4.5. Let f e L ( 3R + ) and for some r s 3N such that 
1 < r < 2k+2, (P e § r . Then 

UT x (f,k,t) -f(tHl L(l) = 0(CP(A“ 1/2 )) (A--) 

"P 1 


implies that 

co r (f, t,p,I 2 ) = 0( <p(A • 

Proof. Recursive use of lemma 1.2.4 with theorem 3.4.1. 


3 .5 o^) -inverse theorem . 

in this section we prove the inverse theorem corresponding 


to corollary 3.3.4 


< co) and CP s $ 2k+2 . Then 


(3.5.1) | |T,(f,k,t' - «t)ll L Ul » - o^a“ 1/2)> ^ 

A p i 


implies that 

(3.5.2) w 2k+2 W/t.P/^2* = 

Proof. Choose x^, 1 = 1,2, 3.4 such that H < xj. < x ±+1 


y > ( t - o) . 


< b 2 < u+i < n < V 



By hypothesis (3.5.1^, if 7 is sufficiently small and 


supp f then 

(3.3.3' ! i A 2k+2 {f(t^-T-(f,k,t* } 


Iiow, defining 


L p[ X 3 ,y 3] 


= o (<P(X~ 1//2 )) (\ 


*Kx' = HA 2k+2 { f ( tl — T ( f , k, t) } ! | T r 

7 K p L :K 3‘ r y 3 J 


-1 /2 

where x = k ' , we observe that 


4>(t' — o(^(t^' (t -* Ol . 

Also, from (3.4.42 of theorem 3.4.1, we have 

(3.5.4) IIA^ X+2 T x ( f ,k,t> | l L p [x 3 ,Y 3 ] 

<_X\ ^ k+2 (X k+1 +-j|+2 ! “ 2k+2 ( f ' ,1 'P'C x 3'y3]'- 


'V) 

Hence, combining (3.5.3— 4) and choosing K - V , we get 

ovjo , , , w ,2k+2 /.k+1 , x 

| | A 2k+2 f(t) | 1 L r x _ y I = M 2 + k ’ r -2k-f-2' 

p L 3 7 * 3 J 

* " 2 ]c+2 (f ' t 'P'l>3' Y 3p 1 ' 

which, by lemma 1.2.3, after taking supreme® over all r < t, 
implies the result. 

Thus we have proved the theorem for all f such that 
supp f C- * 

Hence, to prove the theorem for general f, it is 
sufficient to prove that 



(3.5.5 1 1 1 ( fo‘ ( t v -T(fg,k,t)|i r v -, = o(<p(\~ 1/2 }) ( \ -* 0 } 

A L pL^3' y 3J 

2 

where g £ C Q such that supp g c: ( x j / y ^ ) and g -rl on 
hoi // if <P £ -Ji , we have 

I 1 T ( f g,k, t’ - (fgHt v - M r 

X L, pL x 3' y 3 J 

5 I 1 1 \((f(u : -f ( t> > g( t’f ,k, t) 1 | T r 

L pL x 3' y 3J 

+ 1 1 T x( f (u) (g(u)-g(t' ) ,k,t) i| L ^, 7 . ] 7 

= o(<P(A“ 1/2 )), 

by (3.5.1* and lemma 3.4.3. Hence the theorem is proved for 
all <P £ §- . 

Next, assume the result for all <P e § r , for some r such 
that 1 < r < 2 k-i-1 , and let <P e § r+1 . Let ( 3.5.1 i hold. 

Then, since <P*(t* = 5 7 by our assum P tion ' we 9 et 

(3.5.6) “ 2 k+2 (f/t/P, [ X l ,y 1 ^ =o(<? ~ Ct>5 (t - °' 
which, by lemma 1.2.5, implies that 

(3.5.7) “ 2 ] ^ 1 (f,t,p,[x 1 ,y 1 ]) =o(<P c (t>'. (t - . 

Clearly, by hypothesis (3.5.1', we have 

1 | T x ( (f(ul-f(t’)g(t 5 ,k,t' I 1 L [ x y ] - o(CP(h 1/2 ) ' (X-ooj. 

Hence, 
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J = nT x (fg,*,t> - (fg N (t) "l [x 3/ y 3 ] 


1 i T x ( (£(u)-f (t> ' g(t) ,k,t) " L [x 3/ y 3 ] 


+ 1 1 


.T,((f(u>-£^ 2k+2 (u>’(9W-g(t' ! ',k,t)n Lj j [Xj , y3] 


1 ' - }. 1 - v , 2h+2 ’' U> ~^ r ', 2 V-~r 2 


(t) ) CgCu) -gCt)) /*,t> I 1 lJx 3 ,y 3 ] 


+ 1 1 ^£n, 2U2 W (g(u>-g(t)) ,k,t) i i Lp [x3,y 3 ] 


(3.5.8! 


>(<P(^“ 


-1/2) + J x + J 2 + J 3 ' saY * 


For some § lying 


between 


u and t. 


j < ||T x ((fU > "f^ 2 ]c+2 


(u)Hu-tl g'U' /k/t)l 1 L [x 3 ,Y 3 ] 


which after choosing 


\ -= rT 2 / from lemmas 


3.4.3 and 0.6.5 / 


iniplias that 


J 1 < k 


'1/2 0 . (£,x“ 1/2 /P/[ x l' Y l] } * 

2 k-!-l 


Applying t theorem 


3.2.H and lemma 0 


.6.5 / 9 et 


J 3 ^ 


0 £clC t t- 


Hence, using (3.5.6^ t - 

respectively , for ^ * gEt 


hat t 


2k+2 -» 0 as 


■h. ■+ 0 


(3.5.9? 0 1 


j 1 ( j, = anx 


-i/2 n 


The quantity J 2 


has already been con 


;sidered and estim 


C3.4.15-17> of the proof of theorem 


n 3*4.1 as 
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and 


^2 ~ % + ^2 + ^3 + ^4 * where 

«l.«2 <^" 1/2 “ 2kia (fA- l/a ,P.[* l .y 1 ]! 


h 3' r 4 £X _1/2 “ 2 k+ 1 (fA" 1 / 2 ,p,[=c L ,y 1 ]' +x ' Clc+1 

Hence, from (3. 5. 6-7^ and the fact that t 2]<+2 /<p(t) 
we get, for .1 = 1,2 ,3,4 


fl 


w 


0 as t -* 0, 


R ± = o(<P(X~ 1 / 2 p (X - oo) . 

Thus C >2 - oC'PCX } ( X -* oo) and hence the result follows 

from (3 .5 .8-9^ . 


An immediate consequence of this theorem and lemma 1.2.5 
is the following 


Corollary 3.5.2. Let f e l ( IR ■ and for some r el, such that 


1 < r < 2k+2, 9 © $ r . Then 


T x (f,k,t - f(t> 


V 1 !* 


= o(it'(X~ 1/,2 > ' (\ - “! 


implies that 


w (f,t,p,Io.’ = o(d (t) ' (t -* O'. 



CHAPTER IV 


<P 


■y II .'VERSE THEOREMS 
IIOUII-'ICATIONS OF 


ilQfi .lin ear combinations and interpolatory 

REGULAR EXPONENTIAL TYPE OPERATORS 


4*1 Introduction * 

In this chapter/ we study the linear combinations 

S n (. / k / t.‘‘ and interpolatory modifications S (,,t) of 

n,m 

the regular exponential type operators S (./t). These 
regular exponential type operators were, first/ introduced 
by May [39] f for approximation of functions belonging 
to the class C(A # B) of bounded/ continuous functions on 
(A/B) (—00 < a < B < 00) into C (A,B) , having the form 

B 

S (f/t* = S W(n / t/u) f(u)du/ 
n A 

where S (l,t) =1, t e (A/B)/ f e c(A,B), w(n,t,u) > 0 
and satisfies the following; 

1* W(n,t/U) - WCn/t/U^ (u-t) /U/ 1 s (A/B)/ 

where p(t) is a polynomial of degree < 2 and p(t) > 0 
for t S (A/B) . 

2 . For r s I, 

,r B a r 

2 — s (f;t> = / W(n/t,uH f(u)du . 

dt r n A 3 t r 

The integrals in above are in the Lebesgue-Stieltjes 
sense for which N(n/t,u) is the distributional kernel. 
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3, Tho kernel (f(n,t ; u) (regarded as a function in t and u) 
is measurable on (A,B* x(A,b; and 

B 

S W ( n , t , u) dt = a(n^ , u s (A,B> 

A 

whore a(n) is a rational function of n with a(n) *♦ 1 
as n -* co .md for each fixed u s ( X, B,' , m s IK 0 and n 
sufficiently large 


t m p(t- U(n,t,u) -* 0 as t -* A or B. 


The class of operators which satisfy (D and (2) above 
are called exponential type operators* In addition, if 
they satisfy ( 3) also, they are called regular* It has , 
recently been shown by Sinha [61 ] that for f 5 
(1 < p < , regular exponential type operators constitute 

an approximation method. Well known examples of regular 
exponential type operators are the operators of Post-Widder 
and Gauss— Weierstrass, defined respectively by 


S (f;t) 
n 



(H) n 


/ e ~nu/t u n- l f( u )du 
o 


and 

8 («t> - & 1/2 ' e- nt - t)2/2 f(u'au. 

n ^ J —co 

Examples of exponential type operators vjhach are not regular 
are the Bernstein polynomials, the Szasz operators and the 

defined respectively by 


Baskakov operators, 
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s ( f.;t) 


s (£' t k d-t) n “ k f( k ) , 

k=0 k n 


CO 

(f?t‘ = c" Rt S ~ (nt) k f(£) 
1 k=0 * ! n 


S n (fjt' 

X 1 


2 e n k) (t) tk f ^ } ' 

k-0 K- 


where the family {0^} satisfies certain appropriate 


conditions. 


Also, the operators L 


(f;t) of Rathore [48] defined by 


. tl + t)- (n+1, s O (Rt> s 


give rise to the operators 


00 

fit' . d + t,'-" s *!>' 


where 


B with- p = 1,., which are of exponential 

n-1 


type but are not regular. 

All through this chapter it will be assumed that { S n l 
are regular exponential type operators and/ that f e L p [A,B]. 


Let d »cL , • » » , d, be 


k+1 distinct positive integers. 


Then the linear combination 


S (fjk/t 1 is defined by 


S (f,lc,t) = 2 C ( j , k) Cf#t) , 

n ; j — o $ 


1 



where 


and 


: ( j / k' 


k 

n 

i~0 

i/j 


d . 

I_ 

d.-d. 7 

J i 


k / 0. 


0 ( 0 , 0 ' =1 « 


•Hhe interoolatory modification s n/m (»/ t '/ introduced 

by Sinha [Si] , of the regular exponential type operators 

S (.,t' , is a modification of S n (.,t), slightly different 

from the case of P ( -,t) , obtained by replacing function 

H/Itt 

v*0.1"lio £ ( lP att the ooint ii by N 0 wto n s lntGirpolsbion 
polynomial of ( m +l>th degree based at the nodes 

m 4*2 

U/ u + n~* 1//2 , • . .,u + mn^ 1//2 and devided by (lu-tl 0 +l^m+l<m 
The latter operators, thus, become L p ~bounded (as discussed 
by Sinha [6l] ). 

Thus for f e L [a,b] , interpolatory modification, 

1 p 

S (f;t' , of order m, of regular exponential type operators 
n / m 

S n (f;t>- is defined as follows: 


3 (f;t l > 

B 

W(n, 

-t,U? X 

s / 


m +2 

n,m 

A 

l+|u- 

•t| ° 

m i/2 

j-i 


i ' > A ^ 

v n 

At- 

( n 
i=° 

(t-u- 

' n/2‘ 

n 7 


f(u) }du. 


where m < m. and A denotes A^_ 1/2 


o 
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The class of exponential operators was introduced by 
May [39] . Giving a unified treatment for this class/ 

May [39] obtained sup-norm local inverse theorems for 
Butzer type linear combinations [l4] of members of this 
class. With the additional assumption of regularity he 
also obtained saturation theorems for these linear combinations 
This treatment is based on intermediate space approach 
involving a Peetre' s K— functional for inverse theorems and 
is distribution theory oriented for saturation theorems. 

Later, Agraval [l] studied the inverse and saturation 
theorems in simultaneous approximation for exponential type 
operators. Infact , he considered the problem in a more 
general frame work of two types of iterative combinations 
which contain the iterative combinations of Micchelli as 
well as the ordinary linear combinations considered by 
May [39] as special cases. 

As noted before/ Sinha [61 ] proved that regular 
exponential type operators are L —approximation methods. He/ 

P 

then/ obtained local direct/ inverse and saturation theorems 

with resnect to L —norm (1 < p < for the linear 

P 

combinations and interpolatory modifications of regular 
exponential typo operators. He proved inverse theorems 
for the order 0(n (0 < cc < 2 k-;-2 ' . 

In this chapter, we extend the results of Sinha [61 ] 
to a more general order *P(n ^ ' , which generalise the 
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inverse "theorems for linear combinations as well as inter- 
polatory modifications of regular exponential type operators 
in Lp-norm (1 < p < «.) . These are also local in nature over 
contracting sub-intervals* 

The layout of this chanter is as follows: 

Section 4.2 contains some basic results which shall be used 
in later sections. In section 4.3, we prove CK^) -inverse 
theorem for the operators S n ( . , k, t. 1 and the o( V ) -inverse 
theorem for ( • , k, t) is proved in section 4.4. Similarly, 

0( ( P; and o( -inverse theorems for the operators 
are proved, respectively, in sections 4.5 and 4.6. 

4.2 Basic Results . 

This section contains results which are useful in the 

later sections of this chapter. Throughout the rest of this^ 

chapter, we denote I = [a,b] , Ij = [a^,bj] , j = 1/2,3, 

whore A < a. < a . < b. < b. < B. 

j j +1 J +1 J 

The follovino theorem of Sinha [61 ] , establishes the 

convergence of the operators S (.,t^ . 

Theorem 4.2.1. Let f e L^I! (1 < p < «>) . Then 

lis n (f,t' - f(tU l L [ A/B ]= °( 1] (n •" 

A formula for the moments of exponential type 
operators [3 9, 1 jis given by the following , 
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Lsinma 4.2.2. For m S IN / 

B 

A (n, t) = n m S W(n,t,u) (u-t, i,rn du 
m A 

is a polynomial in t of degree £ m, in n of degree [ — ] . 


The 

coefficient of 

n m 

in 

A^ m (n,t' is (2m-l'!! p m (t) and 

the 

coefficient of 

m 

n 

in 

A 2m-;-l ( n ' t ' 1 3 c m pm ^ p' ( t) 

where C = (2m + lU 

! 

— m* 




'm ~ 3 


Corollary 4.2.3. Let r be a positive real number. Then/ 
for all t belonging to a compact subset I< of (A,B^ there 
holds 

lA r (n,t) | < K n r//2 ; 

M is a constant independent of n. 

Sinha [6l] obtained the following lemma regarding 

moment expansion of the operators S (.,t>. 

n,m j 

Lemma 4.2.4. Let K be a compact subset of (A,B) . Then, 
for k s IN there hold : 


1 . 

2 . 


If k < m, S ((u-t'> J ,t) = 0. 
— n,m 


„ / 1 , \ m-KL . t . , m 

S ( (u-t> , t = C~1 

n,m ' 


s ( n (u-t+ -T7n> ; t) 
n i=0 n /z 


•f 0( — ) (n -*■ , 

m+ | 
n 2 


uniformly in t s K. 


3 


If h > m-!-l , 
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S n,m ((u - t)k > t) ' s n “572 S n < (u-t) k “ r ;t> 

r=0 n 


-i- 0(n 


■ (m+k+2)/2 


(n ■* °°) , 


uniformly in t s K where a 's arc certain constants. 

The following is an immediate corollary of the above lemm; 


4 . 2 .5 • 


( (u-t) m+1 ;t) = (-1 


l ra w ith-1 


Ql , i C t) 


o(- 


as n -> °=, where Q m+ ^(t‘ is a polynomial in t of degree 
5. m -!-l and Q mJ _^(t' > 0 in (A,b3. The o-term holds uniformly 
with respect to t e k. 

Definition 4.2.6* A positive function 4* £ C(A / B) is said 
to be a growth test function for { S^} if for any compact 
subset K of (A / b) there exists an n Q £ IT and a 
positive constant M such that 

S n (^ 2 ;t) < M, n > n / t e K. 

Lemma 4.2.7. Let f s L [a,b]( 1 < p < °°) . Then, for some 
constant M 

H s n,m l£!t)ll l t A ' B ] [a,b] • 

P J P 

Regarding the convergence of the operator ® 

Sinha [61 ] proved the following 


Theorem 4.2.3. Let f £ L^[a,b]( 1 < p < . Then 


ns n , m W-t. - f(t)|l Lp [ A , B ]= 0(1) 


(n • 
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May [39] proved the following asymptotic formula for 
linear combinations of exponential type operators* 

Lemma 4.2.9. Let |f(t>! < 4> ( t,' , t e (A, B> for some 

growth test function . If for some t e (A, B? , f (2k+2)^ t ) 
exists then 


(4.2.1) n k+1 {S n (f / k / t)-f(t) } 


2k+2 , .. 

S Q(j/k / t)f lJ! (t) + o(l), 
j=k+l 


where Q(j,k,t}'s are certain polynomials in t. Moreover, 

Q ( 2 k+2 , k, t) =c 1 (pit)) k+1 and Q(2k+l,k,t> = c 9 (p(t) ) k p' (t' , 
c ±f c 2 bei ng constants. Further, if f e C 2k+2 [A,B] , then 
(4.2.1) is uniform in every interval [a,b] cz (A,B) • 

Sinha [61 ] proved a similar result about the operators 

S ( . , t) . 

n,m ' 


Theorem 4.2.10. 


Let fee 1 


,mtl 


o 


with supp f 


Then 




+ o(- 


( / 2 

n 


(n -*• ^ 


and 


n 


' f(t1 = 0(1 Cm+i>7?' 

n 




uniformly in t s 1^ where Q^ +1 (t) is a polynomial in t 
of degree < m-KL and > 0 on (a,b) * 
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We state here a technical lemma of Sinha [61 ] , which 

is of use in our inverse theorem. 

Lemma 4.2.11. Let h s L [a,b] (1 < p < °°) • Then for any 
fixed positive number P, 


1. II 

S ( iu-ti | h(u) | ; tj 

±1 / HL 

"W 


< ^{n-^llhl^ ( ■ + 

P 1 

_ p, 

n i | hi 

and if. 

in addition, supp h 

(a,b) , 

2. 1 

lS n (|u~t| 1 1 h(u) | ;t) | | 

(I ‘5 


P 

2 


< M 2 {n ' llhii ( } + n • llhiij. [ a B ] 

pl P J 




where M 2 are constants independent of n and h. 

Sinha [6l] obtained Bernstein-type inequalities for 
the operators S^(.,t) and S n m (. / t1. 

Lemma 4.2.12. Let f e L [a,b] (1 < p < with 

p - 

supp f c Tj. * Then 


i 1 s ^ 21c+2 " (f;t) 1 1 


L (X 1 ) 
o 1 


< 1-1 n 


jk+l 


fi 1 


L (I, } 
P 1 


In addition, if f has 2 k+2 derivatives with 
f (2k-i-l) e and f (2k+2^ e l ( ij } then 


( 2 k+2 1/ \ , ,-(2 k+2 ' , 

si K (f;t) 1 1 (I v < v if n L (I > , 

p'-T.' p 1 


n 


where the constants M,M^ are independent of n and f. 
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Lemma 4 . 2 . 13 . Let f & L p [ A /B] (1 < p < °°) with 


supp £ & \ • Th en 


m-i-1 

< M n 3 llfll L (i ) < 

JD 


Moreover/ if f has m +1 derivatives over 1 -^ with 
f (m) S A.C. Cl.) and f^ m+lj S L (It then 

X M 


1 S^'Cf ;t: 1 1 /_ x < M-| 

n 7 m L CIi.i - 1 


! L (I. ) 
P 


where 


B m j /2 

S (f?t) = S w(n/t/U> £ 2 ~~TT~ * 

n,m A j =0 3! 


* l 

x ( 3 n (t-u- Y 72 " ■ du. 

i =0 n / 


Lem ma 4 . 2 . 14 . Let 1 < p < h e L p [A,B] and i,j s ™°. 
Then for any fixed positive number l / 


u 


S ( | u-tl 1 1 / lu-wl 3 i h(w) i dwi;t)ll L (j \ 

t P 2 


n 


< M{n " (i+3+1)/2 lltlU (I ) + n" 2, "hll L (l ^ 1 


Furthermore/ if -=o < A < B < <*>/ then 

u 


n 


( l u-tl 1 I S | u-w| 3 1 h(w) 1 dwl ; t) I I ^ [A, B] 


p 


£ M i n 


-Ci+j+D /2 


llhil L p [A/B] * 



141 


Lemma 4,2.15. Let h e B.V. (1^ and X(u) be the 
characteristic function of 1^ • Then, for i,j s IN 1° , 
there holds 

. u 

l |S (X(u) lu~t{ 1 | / l u-w| ^ 1 dh(w) I I ;t) | | T / T v 
n t ^1 v 2 ' 

M, 


n 


C i+ j +l"V2 1 |h1,1 B.V. (I. ) * 


Furthermore, if A,B £ IR and h £ B#V* (I)/ then 


u 


S n ( I u— 1 1 1 S I u-wl - 1 1 dh(w) I i Jt) | | 
< M 2 n- (1+ 3 +1) / 2 1 ,hl I b .v.(i3 


In above, M and R are constants. 

We combine the direct theorems of Sinha [61 ] for the 
operators S^C«,h,t) and S n m (*/ti in the following 


n,m 


Theorem 4.2.16. Let f S L^[a,b] (1 < p < 00 i 

Then for all sufficiently large values of n. 


1 . 


and 

2 * 


I S (f,k,t) - f(t) I l T / T > 
n L p (I 2 , 

- M 1^2k+2^ f/n "' 1 ^ 2/P/I l^ +n I i f I I L [a,b] * 

lS n,m (f;t) ” f(t)!! L p (l 2 ) 

- M 2 { “m+l (f/n "* 1/2iP/I l ) + n -C m+2) /2, J f I I L p Cl) }/ 

Ml t m. are constants* 


where 
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We close this section by stating inverse theorems of 

Sinha [6l] , regarding S (.,k,t) and S (,,t). 

n n, i itl 

Theorem 4.2.17. Let 0 < a < 2k+2 and f S L [a,b] (1 < p < 

p 

Then 


S (f,k,t) - f(t)n r T \ = 0(n' 
n L p lI l } 


-a/2- 


(n -» <») 


implies that 


W 2k-i-2 “ °( tCC ) (t - 0) . 


Theorem 4.2.18. Let 0 < a < m-fl and f e L v [a,b] (l<p<co) . 

1 } 

Then 


l|S n, m (£}t) - f(tS|l L (L,) - °("" a/2 > 

p 4 

implies that 

W m + ^ f /t,p,I 2 ) = 0(t a ) (t - 0). 
4.3 0(<P) -inverse theorem for S ( »,k,t) . 


(n -* oo ) 


Theorem 4.2.16 implies that, if 
w 2]c+2 (f/t/P/^) = 0( <P(t)) (t - 0), then 

S^C./k, t' 1 = 0( V (rT^^) ) (n -* 03 '!. Now, in this section, 
we prove the corresponding OC^) -inverse theorem. 

Theorem 4.3.1. Let <P £ §p ^ + 2 an< ^- f s L plA/ B ] (1 < p < • 

Then 

(4.3.1) i|S ( f ,k, t) - f(t)|l T t T > = 0(<P(n“ 1//2 )) (n - 00 } 

n V 1 


implies that 
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(4.3,2) C 0 2 k+2 (f ' t 'P' I 2 ) =°( ( P(t)) ( t -* 0 } » 

Proof. Let (x i/ y i ) / i=l,2,3,4 be such that 

a x < xi c X2 < x 3 < x 4 < a 2 < b 2 < y 4 < y 3 < y2 < yi < ^ 

— — ~ ■ — * (P°r functions Kith a restricted support ) t 
Suppose supp f 0 (x 3 'y 3 ) * Then 


MAr ’" f(t)M L p [x 3 ,y 3 ]i N A f + 2 ff(t)-S n (f /k ,t)},, L [; 


'pL x 3' 


+ I lA^S (f,k,t)| | r g, 

n L [x,,y., J 


Proceeding as in the proof of theorem 2.3.1, for 


sufficiently small p , y > 0 , we get 


1 A T k+2 S ( f ,k,t} | | r -,< r 

n L pL x 3^3]“ 


y 2 k -!-2 ( 2 k + 2 ) 


2 k +2 «• Q ( 2 k+ 2 ) 


Cf,k,t)ii L ^_ 


2k+2 /k/ ^ 


L p-[x2^Y 2 ] 


i | , q( 2 k-f-2 ) / j. . 

n (f T),2k+2'- c ' t)ll L [x2,y 2 ] } * 


Hence, from lerrumas 4.2.12 and 0.6.5 , we get 


(4.3.3) 


" 4k+2 


x M Jl k + 2 , k +1 1 . , r 

- M l r (n + ^ 2 k +2 ° ) 2 k+ 2 Cf ^'P' [* 3 ^ 3 ] } 

Now, since supp f ^ (x 3 ,y 3 ) and t is sufficiently 
small, by hypothesis we get that 


(4 .3*4) | |Ayk +2 £s (f,k, t)~f( t) } | ] 


V^r 0Wn ' 1/2)) (n 
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Thus/ from (4. 3 .3-4), we have 


| A 2k+ 2 f ( t) 


L p f x 3 ,y J “ 2 


< M 0 {<#>(n 1//2 } + r 2 k+ 2 (n ' k+1 


+ 


n 


2 k-i-2 


* “ 2 k+ 2 (^Vp,[x 3 / y 3 ]n. 


-9 

Choosing n such that n < V < 2n, we observe that 


<P(n 


“1/2- < 


K 

2 


- 1/2 


<P ( and henc e 


2to-2 


,A * " f(t '%[* 3 ,y 3 ] 


< M 3 {< P ( 71 ) + (^.} 2]c+2 U 2 > c + 2 [ x 3 * YjP 


This being true for all Y sufficiently small, taking 
supremum over all t < t, we get 


“2k-!-2 (f ' t 'P't x 3-y 3 ]’- 

< M 4 {*(»>! + ) 2W ' 2 “ 2 k+ 2 (f/ n .P»[x 3 ,y 3 ]i/ 

which by lemma 1.2.2 implies that 

Q 2k-f2 (£ ^ t/P/ ^ X 3 /y 3^ = 0(Cp(t>) Ct ° ] * 

The conclusion, now, follows since 0 (x 3 ,y 3 s» 

Case 2; (The general case) Now, we prove the theorem for 

general f. 

Let a £ C 2k+2 such that supp g c. (x 2 ,y / and 
o 

g(t> « 1 for t £ [x 4 ,y 4 ] . 

In view of the case 1, it suffices to prove that 
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(4.3*5) I I fg( t) - S n ( f g,k # t) 


n ‘k,y,] c0(,( "' 1/!)) (n 


p L 3 * J 3 


Let 9 s ^ . Then/ for some £ lying between u and t/ 


||S (fg/k/t) - ( f g) ( t) | l _ r 

p^ x 3^3J 


< I I S ( ( 5 (ut -f ( t; ) g( t) /k/ 1) | | 


+ I I S ( f (u> (g(u)-g(t) ) /k/ 1) | 1 


L pt x 3^3] 
L p^ X 3^3] ’ 


< M, 9(n~" 1//2 ) + 


+ 1 1 S n (f(u) (u ~ t) 5 / (| > /k/t> I l L r i 

pL 3- f -*3J 


Thus, from hypothesis (4.3.1) and lemma 4.2.11/ we get 


I I S ( fg/k/t} ~(fg) ( t) | I r -i 

n L pL x 3^3J 

< M 5 {«P(n™ 1//2 ) + n ~ 1//2 } 

< M g 9(n"' 1 / 2 ) / 

since ? My Thus/ the theorem is proved for all 9 s . 

Also/we observe that -T, ~ *** “^2k+2‘ Hence / 

to complete the proof of the theorem/ it is sufficient to 
prove (4.3.5) for all 9 s § ^ / assuming the theorem for 
all 9 £ § where r £ IN is such that 1 < r < 2k+l . 

XT — — 

Let 9 s § . We have 

r+1 

US n (fg,k,t> - (fg:(t'|l L ^ [Xj/y j 

< 1 1 S ((f(u)-f(t))g(t; /k/tM l L [x 3 ,y 3 ] + 

" 11 P 
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+ II S n (f(u) (g(u)~g(tU / k / t> ! | L r 


< M ? <P ( n 


■1/2 , 


) + | | S n (f (uMg(u) -g( t> ) ,k,tj | | L ] 


< iirj <P( n~ 1//2 ) + 


I I S n ( (rtuj-f^.^ ^ ■ ^ u ' “9( tJ .* /^/t) i | L ^|- x ^ / y^ j 
1 1 S n ( (f P / 2k+2 (u) -' f T ?/ 2k+2 (t: ' I 1 L [x 3 ,y 3 ] 

1 |S n (f r, / 2k+2 (t)( 9 (u) ''9(tV / k / t)| 


(4.3.6) = M ? <p( n" 1 ^ 2 ) + 


Z 1 +Z 2 +S 3 , _ say , 


By lemmas 4.2.9 and 0.6.5 


(4.3.7» Z 3 < ± | ] f| 1 ( x > • 

n p 


For some | lying between u and t. 


Z 1 = " S n ((f(u ' , “ f n,2k+ 2 (u ' ! ( u ’ t)g '( |) ' k ' tMl L p [x3,y 3 ]' 

Nov// using the definition of the linear combinations 
and lemmas 4.2.11 and 0.6.5 (taking £ = k+1) , we get 


(4.3.8; Z ± < M g £ n~ 1//2 


W 2’k+2 ( ' f,V/P ' t^L^l]" + n ^ 1 1 f 1 ^ Lp ( I ) ^ 


For some £ lying between u and t. 


2 k+1 2k 1 /.» ( ■ » 

Z 2 - ^ rm" f 71,2k+2 (t)g (t)S n ((u - t! ' k ' t ' ll L p [x i ,y 3 ] + 
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1 2k+l 1 

+ I 2 if " S n (f ^ 2 k + 2 (t! 3 ( 2 k+ 1 , ( 5 ' « 


i-1 


* (u~t> 2k+1+i /k/t ) 


1 2k (i). 

+ (2k+l) ! 1 1 s n ( ( 2 (u~t) iv ; x 

1=1 1 J 


u 


L p [X 3 /y j] 


x ( S ( u— w) 2 k "' L ^ -p ^ 2 k-;-2 s . 

t S / 2 k+2 ^ w ' dw ^ ' k ' 


L pf x 3 ' 


+ 


I IS t ((u-t) 2M g (2k+1 - 5 ( S ] 


s (u-w) 2k+1 -p( 2 k+2) , x , 

t *TI/ 2 k+ 2 ^ W/dw ' k ' ^ M t r , 

L [x 3 , yj ] 


(4.3.9) 


R l +R 2 +R 3 +R 4' saY * 

Using lemmas 4.2.14-15, (taking l = 2 kH-2l , 

(4.3.10) R < M {n _(k+3 ' /2) , , f (2k+2) 


we have 


+ n^ k+2} . , *(2k+2> 


and 


V f 2 k+2 ^ *L (I) } 
P ‘ 


(4. 3. 11 1 ■< ^ { n"* ^ 2 ^"‘-3/2 ) ^ |^(2 k-f 2 


T), 2 k+2 L [VY 2 ] 


+ n - (2k +2 : (2k+2- 


k 


"r^k+z 1 , L (H J * 
P 


Since y r( n ~ 

jio (j/k ‘- d j = °/ m 1/2/ . ../k, from 

lemma 4.2.2, it follows that 


Y 3 ] 
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k+1 


n 


2 k-l-1 

( E 

i=l 


1 I f 


(i) 

fl,2k+2 



and by corollary 4.2.3, we get 

\ 


R„ 



2 k-i-1 
( E 
i-1 


4=(i' 

J ~T) f 2 k+2 



Now applying lemma C.6.3 , we get 


(4.3.125 


Rj_ / R 2 


< 


1(14- (2 k-l-1) 

nat 11 : n,2k + 2"L p [ Xj , yj f 


I I f 

1 T},2k+2 


L p [x 3' 



Choosing n such that n < n“ 2 < 2n , from (4.2.7-12) 

and lemma 0.6.5 


(4.3.13) Z 1+ Z 2+Zj < M^fn - 1 / 2 « JM (£,n- 1 / ! , p ,[ Xl ,j 1 ]) 

+ n_1/ ^ “ 2 ktl (f ' n_1/2 'P't x l -y 1 ] > + n _(k+1) 
We can observe that* since s § 


f ! 1 L 

P 


r-i-1 


<P*(t> = ^ s $r 


Now, since the theorem is true for all c ? e t we have 


(4.3.14) ^k+ 2 (f /t, P, [ x L /Y 1 ]' ; = °( ^‘(t)) ( t •» 0 ) • 

Also, lemma 1.°.4 and the fact that V' f e im Ply that 

(4.3.15’ (f, t,p, [x L ,y 1 ] ) =0(<P''(t'> (t-OJ. 

Thus, (4.3.5'’ follows from (4.3.13-15) and the theorem is 

* 

proved. 
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Corollary 4.3.2. Let 1 < m < 2 k+2 , 9 S $ an ^ 

f e L (I) (1 < p < oo) . alien 
p — ^ 

I l S n (f /k, t'/ - f ( t) M L (j ■) -0(9 (n"" 1 / 2 * > (n -+ oo 

P !' 

implies that 

= 0(<P(t> ' ( t -» O' m 

Corollary 4.3.3. Theorem 4.2.17. 


4.4 o ( 9) -inverse theorem for S (.,k/t) 

It follows from theorem 4.2.16 that/ if 

( f 7 t/P/ 14 ) = o(9(t)) (t -* 0 ). then 

I I S (f/k,t) - f(t) ) l T (J > = o( 9 (n~ 1/2 )) (n-co). 

P V 2' 

The 0(9 ) -inverse theorem for the operator s (.,k/t) is 
as follows: 


Theorem 4.4.1. Let f 6 L (Ii (1 < p < «) and 9 s § 

P 2 k+2 

Then 


(4.4 .1' 1 | S ( f/k/ t N - f(t> || , , 

n L p U l 


o( 9(n~ 1//2 } ) (n •* 00 ) 


implies that 


(4.4.2' Q 2k+2^f' t/P ' I 2‘ 

Proof . Let x i/ y i he such that/ for i=l/2/3/ 
a l < < x i +1 < a 2 < b 2 < y i+l < Y i < b l * 



'~~ ase * (For functions with restricted support) « 

Suppose suop fit (Xj/Yj) • Then proceeding as in 
the proof of theorem 4.3.1, for sufficiently small y,*j> 0, 
we get 


( 4 • 4- « 3 ! 


i A y k ’~ 2 f ( tl i | r - <14, {<p(n“ 1//2 , 
L pL x 3 /Y 3l“' 1 


v 2k-f2 [ k-f-l 1 \/ N i <- rr\ r 

+ T (n 


Nowj we define vj* ( x) qs follows 


1 I A^ k+2 {f(t}-s (f,k, t) } | | T r -i if X = n 

f(x) = { P X ^ / ^3 J 

Mn if x s ( (n-f-l)“ 1//2 , n~ 1//2 ) 
for n = 1 , 2 , . . . 

Since V is sufficiently small and supp f cr (x^,y^), 
by hypothesis (4.4.1), we get that 

(4.4.4) | 1 A 2k ‘ 2 { f ( t)-S. (f ,k, t ? } | 1 T r -,= o(<P(n ) ) (n^°=) . 

7 n L pL x 3' y 3J 

Also, if t e ( (n+1) t n"' 1 ^ 2 ? then 

4j(t) . „ iKn"' 1 '/ 2 ) 

imT ~ 2~ 1/2 <P(n- 1/2 > 

and hence xp ( t' = o( ( P(t)' li (t -*• 0) . 

Thus, from (4 .4. 3-4', we get 




1 + r 2 * +2 (n k+1 - 


,2Tc+2 


X W 2h+2 ^ ^ /T1 /P/ f^'Yj] ^ * * 
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Taking supremum over r < t and choosing n such that 
n £ 2 < n+1 , we get 


co 


2k+2 (fyt/P 'i x 3' Y 3f 

< M 3 £tP( 17' + (t/h) 23 ^ 2 “ 2k+2 (f/^/Pi [x 3 ,y 3 ]) }, 


which in view of lemma 1.2.3 proves the theorem for case 1. 

Ca se 2 . (general functions'!. 

2 k -'-2 

Let g e C q SU ch that supp g c ( x 3 , y 3 ) and 

g(t> =1 for t s [x 4/ y 4 ] . 

Again, proceeding as in the proof of theorem 4.3.1, 
we are left to show that 


(4 .4 .5 ‘ llfg(t) - s (fg,k,t)ii , ,= o(c?(n~ 1/2 )} (n - =°) . 

pi-"'-3 /Y 3J 

Let <P s . Then, clearly as for theorem 4.3.1, 
it follows that 

I ! (fg) ( t'~S (fg,k,t) I i T r o(c?(n“ 1/2 >) (n - «> 

pL x 3 /y 3J 

and hence the theorem is proved for all '<P s , 

-L 

Next, assume that the result holds for all cp S ^ 

1. r 5. 2k+l^ and let cp s § ^ * Again proceeding as 

in theorem 4.3.1, we get 


S n Clfg>,k,t) - (fg!(t! i l L j Xj/ y^y 


! o + Z l + Z 2 + Z 3' 


where 
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Z = | | S ( (f(u> -f( t)) g( t) ,k,t> | l T r o(cp(rT 1//2 ) ) 

° n pL x 3 /y 3J 

Z^fZ ,Z^ are as before and satisfy 

(4.4.6) V r2 2 +2 3 - 6) 2 k+2 (f/n " 1/2/P/ } 

, “1/2 ,, f£ -1/2 r s , -(k+l) llAl , 

+ n W 2k+1 ^ /n /PfL^/yiJ > +n llfll L (x) } 

P 

y, 

Now/ defining <p“(t' = <p(t)/t, we observe that cp' v ' s $ • 

Hence by the assumption, we get 

(4.4.7) 0) 2k-!-2^ f/t/P/ [ >; i /Y l3 ■' ” (t -* 0) , 

which from lemma 1.2.5 and the fact that <P"s ^2k+l i m Pli es 
that 

(4. 4.8) (f, t,p / [x 1 ,y 1 ] ) = o(<P''(t)) (t •* 0). 

Thus, from (4 .4 .6—4 .4 .8) , we get (4.4.5) and hence 

the theorem for all <P s 

♦ 

Thus, we have proved the theorem, first, for all 
<P e . Later, assuming the theorem for ^ s (lf_r<2k+l t , 
ve proved it for <P s § ^ • 

The theorem, now, follows for all 9 e W' since 

$1 c. § 2 c ^2k+2 * 

As in section 4.3, we get an immediate 

Corollary 4.4.2. Let f s L^Cl' and <P e f° r 

some 1 < r < 2k+2. Then 
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i|S (f,k,t> - f ( t) ] | L / 1 ^ =0 0(n' 

P 1 


- 1 / 2 . 


implies that 


W f, t,p, ) - o(<p(t.i> (t -» 0> . 


(n 


co) 


4 #5 0(9 j. -inverse theorem for S (.,t) 


n^m 


Theorem 4.2.16 implies that if 
^m+1 ^ f ^ t/P/ 1 1 ) = 0(<P(tV (t - 0) then 


S n,m (f!t> - fit ‘ 1 'l (I J = 0(<?(n 

p 2 


■ 1 / 2 ,, 


(n -» oo ) 


No w, the corresponding inverse theorem is as follows: 


Theorem 4.5.1. Let f e L (I’ and 9 £ ^ m +l * 

||S (£;t) - f ( t> 1 1 = 0(<p(n" 1//2> } (n -*•«>) 

n / rQ 

implies that 

“m-:-l (f,t/P/I 2' = •' (t - 0>. 

Proof . Let x i# y i , £=1,2/ 3,4 satisfy 

a 1 < Xj_ < Xj, < < x 4 < a 2 < b 2 < y 4 < y 3 < y 2 < Yi 

Suppose supp f i- • Defining 

m j/2 j-1 • -j 

P ( t,u) = 2 ( n (t-u- A J f(u)} 

j =0 J • i=0 n ' J 


B 

S (f;t> = / w(n,t,u) F(t/u)du, 


and 
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we observe that 


S (f?t> 

n,m ' 


S n (f/t) - / 3 ^ | U -t, 

n ' m A 1 + lu-tl O t2 


m +2 
o 


x F(t,u)du. 

Hence, for sufficiently small values of r , we have 


,A m v +1 f(tMi L j x ^ yJ < nA” +1 {f( t — s n<in (f;tt!n L [X3 , yj] 


p L 3 7 1 3 


IA r S n / m (f;tMI L p [x j ,y j ] 


<llA rr L‘ 1 {f(t)-*s (f;t>}| | X r 

Y n ' m L pt X 3^3] 


+ \\*™ +1 K t)i 


n ' m ' ‘ L p [ x 3 /Yj] 


B 


m -i-2 


!A m-i-l £ s l i (n / t , uL_ ,| U -,t | o P(t#u)du} , 


a m +2 

1 + 1 u— 1 1 ° 


L p C x 3'^] 


(4 .5 .1 ) 


= say 


Proceeding as in theorem 2.3*1 and using lemmas 4.2.13 
and 0.6.5, we get 

m+1 

(4.5.2) J ? < M 2 Y m+1 ( n 2 + ^ W m+1 (f,T)/P, [x^y^ ) . 


To obtain an estimate for J consider 


( j-r) 

2 B 


T^t) = cn 


m 4*2 

J m _ tl 0 ( t _ u p-r (i 3 f(u) 

A m -f c 

A 1+iu-tj 0 


where 0 < r < j-1 and c is a constant. 


du. 
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Since supp f c lemma 4.2*11 implies that 


T± ( t '" 1 1 L p [x 3 ,y 3 +(m+l )r]~ 


M. 


n 


(ra+25/2 L p[ x 3'y 3 ] 


Consequently, 
(4.5 .3' 


M, 


J 3 - n (m+2}/2 1 1 f 1 1 L T3 [x 3 ,y j ] 
Thus, from (4.5 .l-* 3), we get 


P l 


lA r +ls n /m ( f > t )"L p [x 3 . Y 3] 

( m-j-l \ 

<M 5 r m+1 { („ 2 ‘ + u m+1 (f,i, /P> [X2,y 2 ] 


+ n 


-( m + 2)/2 


1 i f 1 


L 0 [ x 3'y 3 ] 


Again, proceeding as in theorem 4.3.1, we get the 
result for all functions f with supp f <d (x 3 ,y 3 ) • 

Also in the case of general support, ire are left to show 
that 

(4.5.4? | ] ( f g) ( t* - (fg;t) I i T r „ n = 0( <p(n“ 1//2 > ) 

n,m n p Lx 3 ,y 3 j 

where g e such that supp g (x 3 ,y 3 ^ and g(t) = 

on [ x 4/Y 4 ] * 

Now, we prove (4.5 • 4 > by induction as follows? 

First, we prove the theorem for all <p s and next 

assuming the theorem for all 9 s $ r (l£.3r^. -rKAi?, we 
prove the theorem for all tp £ ^ r +i * 


(n-*»; , 

1 





Let <P S . Then, for some £ lying between u and t, 

“ (f9 ' Ut, "L p Cx3,y 3 ] 

<M 6 <p(n~ 1/J ) + MS n(m Cf(u)(u-t,’g'(6);tlil 1 ^ X3/y j. 

Now, using lemma 4.2.11 and the fact that t - o(<P(t)}, 
we get (4.5.3' and hence the theorem is proved for all (p e 

Now , assume that the theorem holds for all 
V s Q r (1 < r < 2 k+1 ) . Let <P e $ . Now 

,IS n,.» (£cj;t) - CfgUt)ll L D [x 3 ,y 3 ] 

< M 7 g(„-V2) l,S niIr y£(u>- W CuJ> ^ 

X (g(u)-g(t) ) ;tl 1 1 p 

b pL X 3 /Y 3J 

+ " S n,m t(f l,,m+l (u) “ (g(u)-g(t) } ' t! 1 1 L p [x 3/ y 3 ] 

+ 1 1 E n, m ( 1 f n,m+l C t> ! ( g(ul _g( t!); 1 1 LJ x 3 ,y 3 ] 

- M _ <P(n V 9 ) +■ Z„+ z^, say. 


Lor some £ lying between u and t, 

- i 

n,m ' ’ ' "T),m+1 


< ||S ( ( £ (u) ”"f (u> ) (u-t> q' (>) ;t) 


L p rx 3 ,y 3 ] 


Now, using lemmas 4.2.11 and 0.6.5, we get 


(4.5.5) <_ Mg{n ( f/T! /P/ + n (i) 
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Also, by theorem 4.2 «lo and : lemma 0.6.5 


(4.5.6' Z, < 


K 


n 


(m+1 )/ 2 


f 1 I 


L (I) * 

D 


Usincf Taylor expansions of f , and g we can write 

rj/m-i-l 

4 

Z 0 < SR. , where R-, , , R ,,R, are as in theorem 2.3.1 

/ *■“* ^ 1 J- Z O 4l 

with P replaced by S • 

n,r\ *• J n,m 

Consider 

T (t) = c £<*>(* n U-r-s)/2 

2 n ,m+l 

l-i-ju-tl ° 

where 1 < i < m, 0 < j < m, 0 < r < j-1, 0 < s < m+i, § . 

lies between u + yy — and t and c is a constant. 

Applying corollary 4.2.3, 


V^' 1 0 Tm+r?/2 I *!£*<*> I- 


As, Tp(t? is a typical component in R^/ 


m 


(4.5.7) R 2 < M 11 { S n 
~ i=l 


-(m+i)/2 F (i) 


^,mtl"L p [x 3 / y 3 ] 


Nov/, from lemmas 4.2.4 and 4.2.2 


m -i ' /2 ( i 5 

(4.5.81 % £ i' 12 ^ ^ n ■ ! ' f n,ra+l‘ 'L p [4C 3 ,y 3 ] 

i+j>m 
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A typical component of 


S n,m^ ^ ^ (u-t) k { X (u-w; m f ( wX dw} ; t' 1 


is of the form 


T.(t‘ = c n C s "^/ 2 


X t!) ( t,u) du 
A 


where 


(u-t'0 g (m '(g r > 
1 + 1 u-t| ° 2 


x X (u-w-i- , 0 ) m f^ m+ ^(w}dw 

t n 1/2 


and 6 = j + r r^ , 0 < j < m 7 0 < r^ < j— 1, 0 £ ^ — J * 

r? 

0 < r, < k/ £ lies between u+ ~y /0 and t and c 
r 2 n ■ /l 

is a constant. 

Let X (u) be the characteristic function of 


T^Ct> = T^(t' + T 32 ^ t ' ,/ 1 w * aere 


T, 1 (t)= c n 


(G~]c< /2 j- x (u) 4>(t,u)du 


T ,„ ( t' 1 = c n 


i (0 ~ k)/ 2 X (1-X(u>) 4>(t,u.' 
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It follows from lemmas 4.2.14-15 that 


I T.,- (t) | | r _ M 13 , .(m+1) . , 

pl x 3 / '^3J n (m+k+l)/2 T),m+1 L 


It is easy to see that, for any l > 0 


1 I T ,_ ( t) 1 | 


M. 


< _M | , fCm+1) 

V ' m+1 L p (l) 


32 " ' 1 'LpC^/Yj- 


Thus/ 


1 S n/m ^9 m (g) (u-t)^( I (u-w) m f^ m ^i (w)dw) Jt) | 


17/ m+1 


P 


< M. { n“ ( m+1<+1 V2 j j f ^ m +l ) j. 

- 15 77/m+l L p [x2/y 2 ] 

— £ ( m+1 ) 

+ n " f w'l Lp(I) ! 


and hence 


(4.5.9) Rj < M 16 {n- tm+2) / 2 ,|f^ l , Ii [X2<yz] 


““ & r- ( m+1 ) 7 

+ n 11 f T) / m+l 1 L p Cl) * 

and 


(4 S 10* R < M f n~ ^2m+l ) /2 ^(m+1) . . 

(.4.5.10, R 4 i M i7* n 1 ' ^/m+l 1 l L [X2,y 2 ] 


, -A . . jr(m-s-l) 

h n 11 f T)/m-l-l 1 L ( I) 


[ x 3'?3] 


Taking 1 = m+1 and applying lemma 0.6.5 
(4.5.7-10), we get 


and combining 
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(4.5 .11) Z < H {n~ (m+2)/2 | | [ | f 

2 18 r),m+l' l L p [x 2 / y 2 ] 

+ n -^+D/2 tlf (m) 

T) # m+1 L [x 3 ,y 3 ] 


4 n~ (m+1} / 2 , lf 


Ti/iti+l 1 ! L p [x 3/ y 3 ] 


- ( m+1 ) f (m+l) , 

1 1 rpm+l 1 ! L (I) } * 
P 


Applying lemma o,6.5 and choosing n such that 


-2 


n £. ^ < 2n, from (4 .5 .5—6/11) , we get 


Z l +Z 2 +Z 3 - M 19 {n 


- 1/2 


6 ) 


m+1 


(f / n"’ 1//2 / p / [x 1/ y 1 ] ) 


+ n ~ 1/2 [x 1/ y 1 ])+ n“ (m+1)/2 | |f| 


‘ v i)} 


After this step, the rest of the proof is as in the 
case of theorem 4.3.1. 


Corollary 4.5.2. Let f £ L (I) and s §, for some 1c 

]? K 

such that 1 < k < m+1 . Then 


S n,m (f;t) " f(t) 


l ( i, ; 
p i 


= 0( <P (n 


- 1/2 


)> 


(n 


implies that 

= o( <p(t)) (t -» o). 

Taking cp(t) = t a (0 < a < m+1), we get 


Corollary 4.5.3. Theorem 4.2.18 
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4.6 o( <p) -inverse theorem for S (.,t) 

n,m 

In this section, we prove o( <p)-inverse theorem for the 

operator S (.,t) whose o(<p ) -direct theorem is a conse- 
u n,m 

quence of Theorem 4.2.18. 

Theorem 4.6.1. Let f c L (i) and 9 s §_,.!• Then 
p m+1 

(4.6.1) I IS (f , t)-f (t) I I T / T s= o(9 (n -1/ ^ ) ) (n - o. ) 
n,m L (I,) 

P 

implies that 


( 4 . 6.2 ) 


W m+1 (f,t,p,I 0 ) = o(<p(t)) (t -* 0), 


Proof. Let x_^,y^ he as in the proof of theorem 4.5.1. 
Suppose supp fc’C (x^y^) from (4. 5. 1-3) we get 


7 n,m 


1 S - ~ (flt) 1 l L„[x 3 / y 3 l 


P 




<M 1 T m+1 S(n 2 + n"^ m+i e(o m+1 (f,tj,p, Lxj.yj ]) 


+ n 


.(E 2 .) 


ifii m. y3 ] i 

, m+l 


Using the fact that t ' /^(t) -*0 as t -* 0, 


we have 


m+1 


(4.6.3) £r— ( 


.m+1/ ^ 2 . -(m+1) 


n +n 


b 


x o) +1 (f,7],p, L x 3 /y 3 ]) + ^ 1,72 ^ 


m+1 
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By hypothesis (4.6*1) and since supp f (x 3/ y 3 )/ 
choosing f sufficiently small/ we get 

(4.6.4) i IAj k+2 {f(t)-S (f/k/t) } 1 | r -]=o( cp ( rT 1 ^ 2 ) ) (n -*«*») . 

t njir) t p ix 3 / y 3 J 


Nov defining 
. , 2n+l 


A,' Cf(t^-S ri _ m (f;t} | ! L ^[x 3 /y -> if x = n 

if xs((n-’rir 1 ' /2 ,n'' 1//2 ), 


f(x)={ ^ ~ n ' m L p^ X 3' y 3] 


— 1/2 
— T) ' 


*Cn- 1/2 ' 


for n=l ,2/.../ we observe that 


x) = o ( cp ( x) ) 


( x •* 0> 


Nov, combining (4. 6. 3-4) and choosing n such that 


-2 

n < 7 } < n+1 / we get 




L p[ X 3' y 3] iM3f ' l ' Cr ’' + ( ^ I ” +1 “"'+ l(f ' r! ' P ' C X 3' y 3] ,i 


Now# taking supremum over 1 < t, we get 


u 


m-fl 


(f/ t/P/[x 3 ,y 3 ] ) < M 4 {4>(ri) -i- (^) 


tvm+1 x 


* “m-fl (f/71/P/ [ x 3' y b] } ' 

which proves the result by lemma 1.2.3. Thus, the theorem 
is proved for all f such that 

supp f „ (x 3/ y 3 >. 


Now we prove the theorem for general functions. Ne 
prove this by induction as follows* First/ we prove the 
theorem for all <? s ^ . Next assuming the result of the 
theorem for all <P e $ r for some r such that 1 i r < m y 
we prove it for all C P e • 
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g( t) 


Let g £ C q be such that supp g (x^/Y^) 
= 1 on [x 4 / y 4 ] . If (p s s 1 then 


and 


1 |S n,n. (£5,t '' (£,Ut)l 

= 1 1 S n ,m ( (fCu)_ f lt; ? 9 (t> !t> 1 'L p [ Xj , yj ] 

+ 1 1 S n,m (f(u) (gW-g(t)! ,ti I lL^[ Xj ,y 3 ] 

= i ig(tl£s n<rii (f,t'-f(t)}, i Lp[ x 3 , yj 

+ 1 ls s,n l * (ul( ' 1 " t '9'^-’ ' tJl 1 L p [x 3 ,y J ] 

for some £ lying between u and t * 

Thus, from lemma 4.2.11 and using the fact that 
t = o(cp(t)), we get 

1 I S (fg;t)-(fg) ( t) 11 r„ -i= o(<p(n“ 1//2 )) (n - <»} . 
n,m L p l_x 3 / y 3 J 

The result follows, now for all ? e since supp fg c (x 3 /Y 3 ' 

and fg = f on 1 0 • 

Next, assume that the theorem holds for all 

cp s $ for some r such that 1 < r < 2 T< 4 1 and 

r - - 

let cp s $ ri 4 * Then, from the proof of theorem 
4.5*1, we get 
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" S n,m (£ 9 '' t, ' lfg>(t>ll L p [x 3 ,Y J ] 

= 1 lg(tHS n,m (f;t)_f(t)1|l L p [x j ,y J ] 

+ 1 1 S n,m ( f (u) (g(u > -® 1 « ' ! " L p [x i ,y J ] 
- o(<?(n -1 ' 2 > + Z 1 +Z 2 +Z, , 


where Z^+Z„+Z^ is estimated as 

( 4 . 6 . 5 > Z 1 +Z 2 +Z 3 < M£n -1 ^ 2 U m+ 1 (f / n~ 1/ ' 2 / p [x 1 /Y 1 ] ) 

^ / m+1 ^ 

+ n ”‘ 1//2 u> m (f / n"' 1 // 2 / p[x 1 / y 1 ] ) + n 2 llfll 

It is easy to see that <$' - - s § * Hence, by 

induction hypothesis, we get 

( 4 . 6 . 6 ' “ m+ h f ,n' 1 / 2 ,p,[x 1 ,y 1 ] ) f o(<P* (u ~ 1//2 ) ) (n - ■») 


L (I) 


which coupled with lemma 1 . 2.5 implies, that 


( 4 . 6.71 w m (f,n ~ 1//2 ,p / [x 1 ,y 1 ] ) = o(<P ( 


n~l/ 2 1 ) ( n -* °°) . 


/ m +1 \ 

\ * — 2 . /2 % 

Combining ( 4 . 6 * 5 - 7 > with the fact that n / c P(n ) 
as n -* oo t the result follows . 

Corollary 4 . 6 . 2 . Let f £ [A,B] (1 < P ^ 03 > an< ^ 

cp s § (1 < r < m +1 1 . Then 


" S n. ra (f!t '- f(tMl L CIO = ° tCP U 


- 1 / 2 , 


implies that 


to (f,t,p,I 9 ) =o(<P(t>‘ (t - 0 } 



CHAPTER V 


<P -INVERSE THEOREMS FOR LINEAR COMBINATIONS OF GENERALISED 
JACKSON OPERATORS 


5 .1 introduction . 

In this chapter we study the L^-approximation (1 < q < °=) 

by linear combinations L r (. / k / t' of the generalised Jackson 

operators L C. / t'. Generalised Jackson's operators L have 
n / p n / p 

been studied by Schurer [ 56 ] , Schurer and Steutel [ 57 ] / 

Lorentz [ 36 ] Rathore [ 49 / 51 ] and others. 

For any f e L^ 27T (1 < q < °°) , the class of 277-periodic 

functions on 3R whose restriction on [ —77 ,77 ] belongs to 
L^ [-71, Tt ] , the operator L^ f j t) (n,p SUN) is defined by 


q 

( 5 .1 . 1 ) 
where 
( 5 . 1 .2 1 


L n,P (f;t ' = t 


77 sin n( 
S (■ 


u— t\ 


_ . /U-ts 

n 7 p -tt sm (“j—) 


-) 2p f(u) du. 


77 

a = s ( 

n,p 


sm 


nu 


2 %2p 


u 


du , 


-77 sin Tj- 


The linear combinations L n (. / k / t> of L^C./t 1, are defined 


as follows s 


Let d„/.../d k be k+1 distinct positive integers. Then 


o‘ 


(5.1. Jl L , = S C(j,K' l lin l.,t' 

ii/j - 3=0 3 
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where ^ ^ 

s if ^ ^ o 

i=0 j i 

i/j 

(5.1.4) C(j,k' = f 

1 ( if k = o 

Schurer [56] proved the uniform convergence of the 

sequence {L n to the functions in C 2JT and he obtained 

some properties of the operators L for p = 3,4 ,5/6. (we 

n /P 

remark here that, the cases p = 1 and p = 2, correspond to the 

well kno\m Fe”jer-and Jackson operators) . Schurer and Steutel 

[57] studied certain constants associated with the approximation 

by these operators. Lorentz [ 36 ] used it to give a proof of 

Jackson theorems. Rathore [49] made a sup-norm study of certain 

linear combinations of L . Further, he [49] obtained an 

n,p 

asymptotic formula for the error in the approximation of 
derivatives of functions by the corresponding derivatives of 
the operators. 


In this chapter, ve prove local direct and inverse 

-1 . -1 

theorems for L ( • ,k, t) of orders 0 (cp (n /) and o( cp(n ) )■ in 

n , p 

L -norm (1 < q < °°) . 
q 


A sectionwise summary of this chapter is as follows : 

Section 5.2 contains basic results about the operator L n ^p and 

L (.,k,tls Section 5.3 consists of local direct theorem for 
n,p 

L ( . ,k, f 1 and Sections 5.4 and 5.5, respectively, consist of 
H/P 

local 0 (<P and o( -inverse theorems for the operator,* 


L ( . ,k, t' 
n,p 



167 


5 .2 Basic Results, 


Throughout this chapter, we denote I j = [a. ,b . ] , jsl,2 

nu 


=A 


1 , Sin 2 ,2p 


(■ 


n,p sin 


u 


r where < a 2 < b 2 < bj_ 


Lemma 5.2.1 [ 49 ] • Let m £ I and 2p > m+1 • Then 


71 

J 

—71 


;U| m K (u) du < C n m , 
n - m,p 


where is a constant independent of n. 

Lemma 5.2.2 [49] . If r < m < 2p~2, then 


71 „ m j3. s 

(5.2.1) ; u K (u>du = 2 -3 + — , 

-n n k=r n* n m 


where 0^/ s are independent of n and £ n ** 0 as n -» <»• 

We can easily observe that if r is odd then the left 
hand side of (5.2.1) is identically equal to zero. 

We prove the convergence of the operators L (*,t) for 

functions in L 0 _ in 
q/2Tt 

Lemma 5.2.3. Let f S L Then 

q,27T 


l|L n,p (f;t ' - [-n.nf 0 as n 

q L J 

P roof . Let s > o. Then, there exists 6 > 0 such that, 

whenever |u| < 6 , 


f(t+u' - f(t)n« < e. 

9 


and 
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Now, 

z = l|L n,P (fst) - f(t '"L [-71, n] 

q J 

7T 1 71 sin~ 2 

- / | / ( — ) " {f (t+u)-f(tMdu| q dt, 

— tt n,p -Ti sin ^ 

which by Jensen's inequality and Fubini's theorem 
l 71 71 sin — 

< / / (— — — -) P | f ( t+u) -f (t)| q dt du 

n,p -tt -ti sin ~ 


1 _ bj-n o — o -v-v 

<A S S I f(t+u^-f(t> i q ( ^_) 2p 

. Th l *i t ^ C ,7T _ • _ 7J, 


71 


szn 


nu 


dt du 


n/P | ui <6 -ti 


sin 


tt 


i ^ sin 7=5— ~ 

+ a S S i f (t+u)-f ( t) 1 q ( p dt 


nu 


A 


n,p 1 u| >6 -71 


n 

sun ? 


du 


< S/2 + 


? ; (— ll. .) 2p 


'n,p -n I u| >6 sin - 


£ m 


x 1 f(t+ul - f(u}] q du dt. 


for any m > 0. 

Thus, from lemma 5.2.1 

m 2 iifn q 

Z < s/2 — n , whenever 2p > m+l . 

6 


Now, choosing n sufficiently large, we get that Z < s, and hence 
the result. 


The L^— boundedness is given by the following 
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< 


isiif «:,vq 

n,p ~n sin H c 6 aq 


noting that for t £ (c,d.‘ and u s (-6,6), t-f-u £ (a,b> . Thus 


1 1 


n 


nu 


Z < -- — t_ / ( L_) 2 P ] U | 1+it {/ |f(t+u'| q dt} 1//q du. 


- A 


5 _ , U 

n,p 6 -K sin j 


Now, using lemma 5.2.1 and the fact that f is periodic, for 
2p > i+ft+l, we get 


Z < 


M 


" n 1+£ 


f I I 


L q [-Tr,TT]- 


Now the result follows, since & is arbitrary but < 2p-l 


We close this section by stating a theorem of Rathore 
[49] about linear combinations. 

Theorem 5.2.6. Let f be bounded in the interval [-7t+t,H+t] 
possessing an r-th derivative at t, r <_ k < 2p— 2. Then 

I L (f,k,t) - f(t)l =-o(n r ) 

Xi / p ' ' * 

and Cn -* «>> . 

|L ( f , r-1 , t) - f(t)l =0(n“ r )» 

n,p 


Rathore proved, the above theorem for the particular linear 
combinations taking dj = j+1 . But, same proof ramains valid 
for linear combinations defined in (5.1.3' as well. 

5.3 Dire ct t he orem . 

vje prove a direct theorem in this section which contains 
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0 (<P) and o(<P> direct theorems as corollaries. The corresponding 
inverse theorems will be proved in Sections 5.4 and 5.5/ 
respectively. 

k-f2 

Theorem 5.3.1. Let f £ L^ anc ^- P > ~2~ * Then/ 


l|L n,p tf ' lc ' t ' _f(t ' ll L q (I 2 ) 

-1 — ( vj-I ) 

<_ MCco^i ( f ,n , q#T^) + n ||fll L j^x j } * 

Before proving the theorem, we prove the following 
results which shall be used in the proof of the theorem. 

Lemma 5.3.2. Let f £ L and i,j & B° such that i+j+2 < 2p« 

q,27l 

Then, for any i > 0 such that 2p > Stf-1, 
i u i 

I1L (lu-ti 1 S lu-w| J | f (w) 1 dw| ?t) 1 1 T , T \ 
n,p t 


< MCn~ (i+j+1) Mfll L {I .j + n" II fl 1 L [_n,n] 5< 

q 1 q L J 

Proof. Suppose g > 1. Let X be the characteristic function 
of Ii • Then 

u • 

j = j|L ( | u-tl S ’ 1 u-wl J | f(w) | dwl ?t* I It (j \ 

H/P t q 2 

u ■ 

< ML (X(u? lu-ti" 1 1 1 1 u-wl | f (w) 1 dwl jt) 1 1 L (jj 
— H/P j- q 2 


u 


-f 


L ((l-X(u)) lu-tl 1 !; lu-wi 3 lf(wMdwl »t)l 1 L u 1 
n,o t q 2 


(5*3.1' 


= + J 2 / s a y 
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First we estimate J 2 . Let 5 = min (b 2 “b 2 ,a 2 “a^ ) . Then 
clearly !u-tj > 6 for all t £ ^ and ft 1^ . Hence 


nu 


Jo < 


2 - A 


b 2 51 S i n __ 

{/ ( 1 -X ( t+u ) ) 1 ul +J x 


L _ . U 

n,p a 2 “5i sin ^ 


X | / 

t 


b,u lf(w v idwldu| q dt 


and hence by lemma 0.5.7 and Jensen / s inequality , for m > 0 


l T 


nu 


b. 


Jo < 


2 — A 


slp t'2p im 1+ j+m fr 2 


S ( £_) 

U 


'n,p “XT sin 


- m 


£ / 1 ui 

3.^ 


t+u 

X |/ I 


f(w) l q dw|dt} 1/q du. 


Now, using the periodicity of f, from lemrna 5.2.1, we get 


M. 


J 2 - i+j+m 1 1 x! 1 L [ -tt ,71 ] 
n J q 


whenever i+j+m-1 < 2p. 


Choosing 2. = i+j+m, we get 


M 

(5 .3.2) J 2 < — ! i f | 

n 2 


L [-71 ,7l] * 

q L J 


Now, 


J- < | | L (X (u,! | u~t| 1+ ^ | / 1 f ( w) 1 dw| ,*t> | 1 T , T > 

-L — n „ n i x o (/ 


u 


n / p 


< 1 (L iu-t| 

— LI t jj 


t “q 2' 

-+, i+ 3 +1 


lH |fl (t)! ' t)n L„(l 0 ) 


q 2 


where H ^ is the Hardy-Littlewood majorant of the function f 


over the interval 
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Now/ since 2p > i+j+2, Jensen's inequality and lemma 5.2.1/ 
imply that 


M* 


(5.3.2> J 1 - “i+T+'l 1 lH if| 1 'l (I r 


M 3 

i n i + J +1 ^"V 1 ^ ' 

by lemma 0*6.2. 

Suppose g = 1 . Then 

b„ _ nu 

j < g ± — ; / ( p |u| 1+J 1/ I f (w) I dvr | du dt 

n/p a2 —ft sin g t 


t+u 


71 sin 2r:) i+ -f b 2 t+u 
S ( ^_) 2 P !U , 1+ J 

7 02 t 


nu 


/. UTU 

; i / | f (w) I dwi dt du 

■i _ u " ‘ _ a. 

n,p -It sxn 


_ nu a^ + lui 

ft sin — - • • • z 


i / (iii_|Z)2p lul i +J 1U1 , 

n,p -ft sin % 


I f ( w* 1 dw du 


i A 


nu 

L. , (!b_A)2p | U | i+:+i 


n/P lu|<6 sm j 


a 2 -iu| 
b 2 +|u| 

/ l f (w) | dw du 

a 2 -lul 


nu b 2 + |ul 

„ sm — - • - • - z 

1 


J_ 2p i+j+1 

A ' ' 


(■ 


r j ' . U 

n,p |u|>6 sm ^ 


J | f (w) 1 dw du, 

a 2 ~ tut 


where 6 = min ( a 2“ a i . 

Since 2p > i+j+2 and 2p > 4+1, by lemma 5.2.1, 


M 

( 5 . 3 . 3 ) J < “flj +T 


It 


n ' 


I fl 1 





174 


and hence the result follows from ( 5 • 3 . 1 - 3 ' • 

, 3 , «« V*' M * teS k+1 4erlVatlVeS 

Lemma S *^» 04 


with f 


(Tc) 6 A.C.Ui 


, . , 1 v , , -> h +2 then 

\ f (X+l> e L (I*) and p > 2 

.C.CliJ/ f q 1 


L n,P t£ ' k ' t! ' £lt! "^ ll2> 

% Uj .> + "*"*<£*'*1 

~~ n 


}/ 


where M is 


a c 


onstant* 


Proof* 


For t e l 2 and u s Ii- 


= iL 


1 u . .Xp(W-l> ( w ),dw. 

* cu^ + xrmrr {. u ' w ' 


Hence, 


. _ 4 : T v 6 Tn 3 . VG 

eristic function of 

x is the characterise 


L * *,P 

n,P 


__ l jXfJt) + L n ,p 


((l-X)f?^ 


h f (i) (t) t (X(u) (u-t) 1 ?^ 

- t u n,P 

" i=° 


1 L (XU) x (u “ wr f 
+ in n,p t 

( (i-x)f ;t) • 


r f Oc+i) ( W > dwjt.i 


+ L. 


n,P 


Hence, 


* f (i) (t) L (xU> Cu-t) 1 ,^^ 


= S t TP" 


J n,P 




+ n n,P 


(X(u) X tu-w, 


u N h -Oc+ 1 ) ( w )dw,^,t) 


+ L. 


n,p 


( ( 1 -X) f ,h,t) 
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(5.3.4) 


~ J i + J 2 + J 3 # sa Y» 


Clearly, from lemma 5.2.5 and the boundedness of C(j,k), 
for any Z such that 0 < l < 2p-l, we get 

(5.3.5) 1 1 Jo 1 I . v < — | | f | | r -1 

3 L q X 2 “ n* N L q [^,7l] 

Proceeding as in the case of in lemma 5.3.2 and using 
the boundedness of C(j,k) again, we get 


M, 


2 j-(k+l) 


(5.3.6) IU 2 ll L (l2 , < Ilf 


L (l 1 ) 

q 1 


Now, 

L (X(u) (u— t) , k, t) 

ri/P 

= L ( (X(u)-l) (u-tjtk,^ + L ( (u-t) " L ,k, t) 
n#p n,p 

(5*3*7) = 2^ + ^2 / ss.y * 


Proceeding as in lemma 5*2*5/ for any & such that 
0 < £ < 2p~l/ we get 


(5.3.8) 


1|Z l"L (I,) 

q z 


M 3 

- n « " fl| L q [-".q • 


Also, by lemma 5.2.2 and the fact that 
k 

2 C(j,k) d. = 0, m = l,2,...,k, we get 
3=0 3 

< M4 

(s.3.9) nz 2 ii L (I ) £ -r+r • 

q z n 

Hence, combining (5. 3. 7-9) (taking & - X+l) , 
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/ 


M_ k , . v 

5 / „ . . c (li 


lJ i n L (I^) - n k+l ( ± S =1 !lf 1 n L (I 2 ) + 1 lfll L [-TI / JT] ) 


q- z u i=-l q' 

and hence by lemma 0,6.3 , we get 


M, 


(5-i.lOl lUlll L (I i tllf k+X |l L (I 5+llfllL (I ) !• 

q 2 n q 2 q z 

The lemma/ now,follows from (5,3,4) and the estimates (5,3.5)/ 
(5.3.9*“10 x of J^/J^/d-^, 

Proof of the orem 5,3,1, We have 

1,I ‘n,p (f ' ,c ' t ''' fCtMl L q (I 2 ) - " L n,p Cf_f <l,lc+l ,k ' t)n L II (I 2 ? 

+ UL n,p (f 'n,k+l' k,t! ” n L q (X 2 > 

+ " £ 1U+I lt) ‘ f(t)ll L q (I 2 ) * 

(5.3.11) = Z 1 + Z 2 + Z 3 / say. 

Let X be the characteristic function of [ x,y ] where 
a x < x < a 2 < b 2 < y < b 1# then, 

S nL n/p (x(f-q, k+ 1 )^V>n LqC i 2 ) 

+ n^U-W^-W'^'VV 

Hence, from lemmas 5. 2 .4-5 and 0.6.5, we get 

(5.3.12) Z,. < M 2 (^ +1 (f-»-c I ,I 1 ) + n- lk+1) llfn Lq[ - n ,q • 
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Also, from Lemmas 5. 3 . 3 and n ^ r 

ana 0,6.5/ we get 


(5 • 3 .1 3' Z_ < - 3. r n -(k+l) 

2 n k+1 ®X+l (f ' T) ^' I i>+l Ifl l L r n ^ 

rr L / J 


Again, from lerama 0.6.5 , 


we get 


(5.3.14. 


^3 i M 4 to k+l ^ ,b.] ) . 


Hence, taking 
result. 


77 - n and combining (5.3.11-14), 


we get the 


Corollary 5.3.4. 


Let f e l 


q/2 n 


and c p e § . Then, 


“k+l^'t'q'V = 0(<p(t7) (t - o: 


implies that 


I1L (f /k,t; - f(t) 1 | , , = 0(<P(|)) ( 

q K± 2‘ n 


n -* ooj 


5.3.5. Let f e L q ^ 2JT , p > and <p e ^ +1 . Then 


&), . ( f, t,q,I 1 ) = o (<P ( t) ' (t - O' 


implies that 


II L n ^(f,k,t) - f(t)n L ^ j = o(<3>(~>) (n -* oo) 

g 2 

5.4 O -inverse theorem. 


In this section we prove the corresponding 0(<P)~inverse 


theorem of corollary 5.3.4, 


q,2 JT‘ 


O V-Ll 

Theorem 5.4.1. Let f s l„ 0TT , <P e , and p > . Then 


(5.4.1) 1 | L ( f ,k, t) -f ( t^ t I T ( j ) = OtoCn)) ( 

n# p q v 1 


n 00 / 
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implies that 

(5.4.2) tt k+ 1 (f,t, q ,i 2 ) = 0 (<P(t> > (t-0). 


Before going into the details of the proof, we prove 
following 

Lemma 5.4.2. Let f s L Then, for i £B!° and £ > 0 

that 2 p > i+ 1 , £+ 1 , 


|L n,p llu_t| 1 f(u) ' II L (I ) 

cr 


-i -A 

! I f I I T 

q' J- q 1- 

Proof . By generalised Minkowski inequality , 


< Kfn ' 1 l|f|| L (Ii , + n~ llfH L 


J = 1 IL n,p (|u_t|1 l«u)l;t>|l L (I , ) 

q 2 

„ b„ nu 

i it 2 sm •* — • 

^ r - ' Z_ ,^ 2 pq ..... 1 q 


A 1 iS u 

n ,p -it a 0 sin 7 ? 


lul 1 ^ ]f(t+u)|^ dt}^ du 


71 


I ( 


■2 OJ -“ 2 

. nu b 1 

sm 2 2 p J 2 


A ‘ ' . u 

n/p -ft sm ?;• 


|u | 1 {! | f ( t+u) | ^ dt}^ du • 


Hence, if 5 = min ( a 2 ~a^ then 


. . nu v. 

6 sm ~ d. 


j. < 1 ; (— 4-) 2p U 2 if(t + u)P dtp du 

n,p -6 sin - a 2 


(fi — L_) 2 P |u| 1 ( J |f(t+u)i q dt) g du 


nu 




A ^ . n 

n#p 7I> | u| >6 sm j 


M. M 2 

i 4 l|f|l L Cip + P l|fll L OX] * 

n q 1 n q 


the 


such 
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since f is rperiodic and 2p > £+1, i+1 . Hence the result. 

Lemma 5-4.3. Let f s L such that supp f d I 7 • Then 
q,2n • ^ 


( k-1-1 ) / j- , > 

lL n, P l±/t ' 


1 'L g (l 2 ) i M 1 n< ‘ 1 lfl ! L q (l 2 } 


Further, if f has k+1 derivatives with f^ k e A.C.Cl 2 ) an( 3- 

^.(k+1 e ) then 

q 2 


( K+ 1 )(£. t ) n < M ||f (k+11 

n,p L ct 1>I 2 J 2 


'Vh> • 


Proof. We know that L^^Cfft) is a trigonometric polynomial 


of degree np~p for any f © L ^ 2 ji 


Hence, by Bernstein inequality [65] / since supp f£LI 2 / 

it follows that 


1 I 


1 'l U 2 k (P " >k+1 ' ' L n,p (f,t ' 1 T q [-JI,n] 


and hence the first part follows from lemma 5.2.4. 

Since f (k> s A.C.d.' and f (lc+1) e 

= L n,p lf<k+1,;t '' 

i jz result follows similarly 

and hence the second part of the resui 

. 1 Let x- tY ■ • i = satisfy 

pmnf of theorem 5-4.1. i i 


< f>* * We 


a, < xi < X, < Xj < x 4 < a 2 < ^ < T4 < ^ < n ' 2 d 

1 F C k+1 such that supp g C ^ X 3' Y 3 ) 

choose a function g 5 

r v 1 Writing fg = f/ we have 
g( t) =1 on [ / y 4 J 
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(5 .4.3) ] |A* +1 f(t) 


L q [ V y 3 ] 


V t 1 ^ 

£ 114, £f(t) - L ni p(£/k.t)J l La[ x 3 ,y 3 ] 


k-j-1 — 

+ I I L (fyk/t^ ! I r n • 

V n /P v ' 1 i L q [x 3/ y 3 ]‘ 


By lemma 0.6.1 


V » 1 ^ 

llA r L n /P (f/k/t ‘ 1 ! L g [x 3/ y 3 ] 


r r 


( k+l ) , - 


HI ... / L n (f/k,t+ S z i ) dz 1 ...dz v _ 1 _ 1 l 


o o 


J k+l' ‘L [x 3 ,y 3 ] 


Ry repeated applications of Jensen's inequality and Fubini's 
theorem/ for all sufficiently small y , we have 

J \S ... ; L^ 1} (f/k/t+S z ± > dz 1 ...dz ]c+1 i q dt 

x. 3 o o i=l 


C y Ck+l)(crl) J ...j | L ( k +D(f,]c,t+ 2 z )| q 

o o n,P i=l 1 


2 z i > I q dt dz 1 . . .dz^ 


i^ U+1)q "4/ P 1} ( ^ k ' t),1 L q [x 2/ y 2 ] ' 


since y is sufficiently small. 


Ience, 


1A Y L n,p (f/k/t)ll L q [x3,y 3 ] 


<_^ +1 ( 5 ' k ' t , " L ,[* 8 / y 2 ] 



181 


Hence by lemma 5.4.3, for all sufficiently small V > 0, we have 


lA^' 1 l (f,k,t)|| T . 

n,p M L q [x 3 # y 3] 


< M x y k+1 {n k+1 1 If-f 


T, ' k * L q 0*2^2] 


-• ( k+1 ) 

+ 11 f t],k+l 1 ,L [x 2# y 2 ] i ' 

which, by lemma 0.6.5, implies that (using the fact that 
supp f : (x 3 /y 3 ),! 

(5.4.4) HA* +1 

<«2 r k+1 (n k+1 +4^) a k+1 (f^,q,[ X3 ,y 3 ]) . 

V 

Next we are to show that 


(5.4.5) l|A k+1 £f(t)-L n ^ p (f,k,t)}| l L [x 3/ y 3 ] = oCcpCn^)) (n - ») 


- 1 . 


After having proved this, we may combine with (5 .4. 3-4) to get 


1 |A k+ 1 1 L o .[x 3/ y 3 ] 


< M, {^(n** 1 ) + ^ +1 (n k+1 + o k+1 (f,T7,q |> 3 ,y 3 ] > } 


Then choosing n such that n < rf 1 < 2n and taking supremum over 
all T < t, we have 

U k+l^' t#q ' t x 3' y 3^ 

< M 4 {(p(r}) + (“) k+1 w k+l ^ q ' C x 3' y 3 ] * ' 
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which, by lemma 1.2.2, proves the result. 

Novr, we prove (5.4.5) by induction as follows ; 

First, we prove the result for all <p s . Later, assuming 
the validity of the result for all cp s § r for some r such that 
1 < r < k, w prove it for <p £ § .p 

Let cp e $ 1 . Then 


nL n,p lfg ' k ' t ' - [x 3 ,y 3 ] 


< 1 I L n,p( (£(u '- f(t ' : [x3 ,y 3] 


+ ||L (f(u) (g(u)-g(t) ) ,k, t) 

n/jj 


L q[ x 3' Y 3l 


= llg(t){L n/p (f,k,t) - f (t)}i!L q [x 3 ,y 3 ] 

+ ' ' L^^p( f (u) (u-t) g (§)/k,t) 1 If * 

for some £ lying between u and t. Hence (5.4.1) and lemma 5.4.2 
together imply that 

I |L n#p (f g / k,t) - (fg) (t) l , L q [x 3 /y 3 ] - M 5 {<p( ^ ? + n } 

since t/<P(t) •* 0 as t -* 0. 

Thus, we have proved the theorem for all <P 5 %• 

-p nr all (p e 4^. for some r 5 i 

Now, assume the result tor an y r 

such that 1 < r < Tc and let <P e $ r+ i • 
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NOW/ 


Z - 1 " < f s' (t) I >L q [x 3 ,y 3 ] 


- "L n , 9 (f(u:(g(u'.-g(t)l, 1 c,t}|| L [ 


+ i l L n , p ^ f (u)'f fl U i (u))(g(u'-g(t)) ,k/t) 


‘TJ/k+l 




+ l|1 T. I p (l S,k+l (li - £ ,,M (t,! ( 9 (u ''S (t! ' k ' t)n L q [X3,y 3 ] 


+ 1 |L n,p (f J ,,k+l ( 3 (u '-» (t)) ' lc ' t)l 'L q [ X 3 ,y 3 ] 

I 

(5 .4.6) = Z^ + Z^ + Z 2 + Z 3 , say. 

Clearly/ 

(5 .4.7) Z Q < M ? <p(|) . 

By theorem 5*2*6 and lemma 0*6*5 
M 

(5.4.8 n z 3 i 1 1 fl 'L q [-Tr # 7T] * 

Moreover/ for some t lying between u and t, 

Z 1 = llL n,p (£(u) ' ff l-k + l (u,! (u * t ' ®' ( £ > '*' t)ll L q [x 3 ,y 3 ] , 

which hi- lema 5.4.2 for any * such that 0 < * < 2p-l, we get 

Zj, In 1 1 1 f_f D, k+i 1 1 l [xj ,y 2 ] + “ " f %[*«,«] J * 

Si 

Now, applying lemma 0.6.5. 


from 
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(5.4.9' z x < m 1q fn - 1 Uk+1 (f,^ q[xl<Yl] + n’ 1 , lfl , U n]! . 

q 

After Taylor s series expans ion , we observe that 


7 < _ 

*2 1 k! 


k -1 (; 


| 1 L ( ( y 

n ,p 1 ! 1 


~ (u-t) ) x 


( I ( u-w) k ( w) dw) , k, tl I t 


L g[ x 3 ^ 3 ] 


+ — ^ H L n D (g (£ ' (u-t) * 

(k!> n ' p 


; (u-w) k 4^+l (w>aw ' k ' t!ll L q [x 3/ y 3 ] 


Ji % iT 3 T" 4 ^i tt> 3 (;i>Ct!L n,p ((u ' t> 1 +J ' k ' t!ll L q [^-: 


+ 57 TT " 44 +i (t) L n,p ((u_t)k+1 3 lk) Cs ) < k ' t, i 


hrPV^] 


(5.4 .10^ = Rf + 1^2 + Rj + %/ say. 

By lemma 5.3.2/ for any Z such that 0 < Z < 2p~l, we get 

k ”^ -(k+i) . . ^(k+1) . . 

(5 .4.11) % < Mj.0 n ^t)/k+l L q [x^/Y^] 

-l _( k +1 ? . . i 

+ n H f Tl / k+l 11 L q [-7I / 7I ]* 


f - (2k+l ) , i f (k+l) j | _ 

(5.4.12) R 3 1 Mil {n f T)/k+l L [xj_ /Y-J 


& . I I I - r 
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^ It follows from lemma 5.2.2 and the fact that 

2 C(j,k' d~ m = 0# m = 1,2, ...,k, that 
j=0 J 

R 3 ^ llf ^-fl"L q [x 3/ y 3 ]^ 

Hence by lemma 0.6 *3 


M. 


("•4.13} r 3 1 -ra- c 1 1 4 ,*L II 


n k+1 ’ 1 "^,k+l" L q Ix 3 ,Y 3 ] + 1 |f T,,k+l"L q [x 3 ,y 3 ] 


and 


M. 


(5.4.14] R 4 < J—j- Cl lf^ +1 tl L [x 3/ y 3 ] + 11 f - ^ 11 


n 


: 77 # k+i n L [x 3 /y 3 ] 


}. 


-1 


Choosing n such that n < V < 2n/ it follows from 
(5.4.11-14) and lemma 0.6.5 / that 


(5.4.15) I^/Rg < M^n** 1 tt k (f,n X ,q, [x-j^y-J )+ n 1 I f I I L [~Tt,TT]* 

Q[ 

and 

1 ~*1 — ( 3c+l ) *> 

(5.4.16'. R 3/ R 4 < M 1? {n“ ^(f/n" ,q[x 1/ y 1 ])+n > 1 f 11 L [-n,7i] im 

w Si 

Now, clearly ® $ r and hence by induction hypothesis, 

we have 

,cp( t) 


-1 


— ( k+1 ) 




k+1 


(f^q^yj) = o(V-' (t •* 0? 


and hence, by lemma 1.2.4, we get 


u )c (f/t,q# [xl'YJ ) ~ °^ t * 


(t - o) . 


Thus, for j = k, k+1. 
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(5 .4.17) 


-1 


n 


-1 




Also since <P s $ 


(5 .4.18} 


n 


r+1 ■— ^k+l' 

-Oc+1) 


(p (a"" ) 


0 as n -+ oo 0 


Hence , in view of (5.4.17-18), combining (5.4.7-10) 
we get 


and (5.4.15-16), 


Z = Z Q + z, + 


1 + u 2 + Z 3 1 m i 9 <*>( 


- 1 , 

n 


end. hence the theorem is proved. 
Corollary 5.4.4. Let f e L 


q,2JI 


let <P £ 5 r . Then 


and 1 < r < k+1 and 


1 1 L n,p^ f,k,ti “ f (t) 1 l L = 0(<P(n*j) 

implies that 

^■j-.( f / 1, q, X-^ ) = 0((p(t)) ( t •» 0) • 

5.5 o(cp) -inverse theorem . 

In section 5.3 we proved a o(<P) -direct theorem (corollary 
5.3.4). In this section, we prove the corresponding o(<P)-inverse 
theorem. 

Theorem 5.5.1. Let f £ L 2 n ' P > " ' t " an( ^ ^ e ^k+1* T hen 


J q,27T 7 ^ ‘ 2 “““ T " *k+l‘ 

- 1 , 

j j = omi 

'q' 


(5.5.1' i | L ( f ,k,t) -f(t)ll T X = o(g(n )> (n - oo) 

n,p - L i 

implies that 

(5.5.2) a ]c+1 (f,t, q/ i 2 ) = o(<?(t)) (t-0). 
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Proof. Choosing x i #Y i# g / f as in the proof of theorem 5.4.1 
and proceeding as in the proof of the same theorem, we get 


(5.5.3, ,< +1 


C ] y [ .^+1 1 . 1 


1 r + k+1^ u k+l [ x 3 /Y 3] ^ 

T) 


Next we have to show that 


(5.5.4) llA^ +1 {f(t) - L ( f,k, t) } | 

' ii. g p 


L a C X 3'%1 


= o( <p(n ) ) (n -+ °°) • 


Now define iKx) as follows : 

1 1 A^ +1 (f(t)-L nip (f,k,t) n l (i [x 3 ,y 3 ] if x = ^ 

(5.5.5' 4'(x? = { 

+j -| 

i|, (n** 1 ) if x s ((n+1) ,n ). 

Clearly Kx) = o(<p(x)) (x - 0) and hence, after having proved 
(5*5.4) combining (5. 5. 3-5), we 9 et 


n 4 + ^ "L q [x 3 ,y 3 ] 

< 11 , Hln' 1 ) + »* +1 Cn k+1 “k+l (?/,, ' q 'C x 3' y 3] n 

Now, choosing n such that n < ’l 1 < n+1 and taking 
supremum over all T < t, we have 

U k+1 (f,t,q,[x 3 ,y3j > 

< M 4 {’K'T)) + (^ k+1 to k+l^ f/T * /q/ ^ X 3' y 3] ^ ** 
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Now, conclusion (5.5.2) follows from lemma 1*2 *3. 
Thus, we are left to show that 


(5.5*6) 


fg(t) - 


L n,p (f g' k 't> 


1 L fx,, 
qL 3' 




= o(cp(n 


-1, 


(n 


As in the proof of theorem 5*4.1, we prove this by 
induction as follows s First, we prove the theorem for all 
cp s * Next, assuming the result of the theorem for all 
CP e ior some r such that 1 < r < k, we prove the result for 
all cp e s> r+1 • 

Let cp s . Then, from hypothesis and lemma 5.4.2, we 


have 


1 | ( fg) ( t* - L i (fg,k,t) i | 

XI f jj 

£ HL n , p UfU>- f (t)> g(t),k.t) I 


+ I |L niJ) (f(u) (g(u)-g(t)),k,t)i l L [x 3 ,y 3 ] 

< m 3 £<p(|’ + 

and hence (5.5.6) is proved, for all gp s Thus, the 

theorem is proved for all <P 6 * 

Now, assume that the theorem holds for all <P e $ r £or 

some r such that 1 < r < h and let <P s ^ r +i* 

Then, clearly _ 

9 s $ . 

t r 

Hence, by induction hypothesis, we have 
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w k+ l( f / t / q / [x 1 ,y 1 ]) _ 

"‘ich/ by lemma 1.2.5, implies that 

w k<£'t,q.[^#yJ) = o(-S^) (t -> 0). 

»us, we get, for j = k, k+1, 

'* 5 * 7 ‘ > n “j^ f/ n ' = o(<p(|)) (n - »). 

so, as (f B ^ +1 , we have 

• 5.8' n “ (k+1 )/(p (rf 1 ) - o as n - °°. 


Nov, proceeding again as in the proof of theorem 5.4.1, 

i get 


L n,p (£g ' k ' t, ' (£9Kt, "Lj X 3,y 3 ] 


Z Q + Z 1 + Z 2 f z 3 


Clearly, by hypothesis (5.5.1) 

Z Q = o«P(|)) (n °°) . 

so, jrrom theorem 5*2.6 and lemma 0.6.5 and (5.5.8), we get 
Z 3 = o(<P (— •) ) (n •* oo) . 

Z 1 ,Z 2 were estimated in the proof of theorem 5.4.1 as 
< I^frf 1 + n £ ! 1 f 1 1 L g [-7i,7t] } 


< 4 - R2 + R4/ where 

MgCn” 1 03 k (f,n 1 ,q,[x 1 #yJ ) + n tk+1 M | f 1 1 L ^[-rr, n ]* 
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and 


R 3' R 4 i M 8* n “k+l (f ' n + n“^ k+1,) | | f\ i L 

Thus/ from (5.5.7) we see that 


Z X ,Z 2 = o(<P(~),} 
and honce the result. 

We conclude this chapter with the following two corollaries 

9 V+l 

Corollary 5.5.2. Let f e L 27r , p > and <p e $ r for some 

r such that 1 < r < k+1 . Then 




! |L n,p (f/k/t) - f(t)ll L (I x ) = o(Cp( n } 
implies that 


CO 


k+1 


(f,t,q,I 2 ) = o(<P(t)) (t - 0) 


Corollary 5.5.3 (Global cp-inverse theorems). Let f s ^ qf2 n 
2k+1 Let (p e $ k+1 . Then 


and 


p 


T 


L njn (f,1wt) - f(t)U L (=P(| V) ' ”> 


if and only if 

o, k+1 (£,t,q,[-".t> = MW (t ' °'- 

Moreover, stove statement remains valid if 0 is replaced by o 
everywhere. 
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Proof » Considering an interval [a^,h^] where 

< -ft < ft < b-^ and using the periodicity of f, we get the 
result from the earlier 0 (<p) and o( <p) -inverse theorems 
( Theorems 5 .4 .1 and 5 .5 .1) . 
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